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1.INTRODUCTION

1.1 Sunmmary

Primary activities during the third year consisted of (i)

expanding the laboratory capabilities for processing and testing of

composites, (ii) conducting research in accordance with the Statement

of Work given in Section 1.3, (iii) preparing thirteen technical papers

and M.S. theses, and (iv) various interactions of the faculty with the

technical community through presentation of papers, participation as

members of technical commnittees, etc.

Sections 2 - 4 summnarize the research activities. The professional

personnel associated with the project and the outside activities of the

faculty related to composites are given in Section 5. Papers completed

and/or published during the year are reproduced in Appendix A. A

brochure describing the student activities is in Appendix B.

We provide only a brief discussion of most activities, as they

are detailed in existing reports (Appendix A) or theses, or are in

early stages of development. However, the processing and testing

facility has been greatly expanded in 1980, but its increased

capability is not described elsewhere; thus a relatively detailed

description is given (Section 2.1).

1.2 Discussion

The general objective of the research program is to develop

improved understanding of fibrous composite material as a basis for

improving its structural performance. Integral to achievement of this

objective is the determination of constitutive equations and time (or

cycles) to fracture for complex loading patterns and hostile environments
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such as high relative humidity. This in turn requires a better under-

standing of the viscoelastic deformation and mechanisms of damage

growth and fracture in composites including delamination, cumulative

damage via microcrack initiation and growth, and global fracture criteria.

The importance of micromechanisms of viscoelastic deformation and

fracture of resin matrix composites has only recently become widely

appreciated; for example, graphite/epoxy composites are quite sensitive

to processing and to service environments, especially moisture [l]*

Furthermore, because -ing is seldom taken to completion in the epoxies

used in graphite/epoxy composites [2], the degree of cure is a processing

variable. Physical aging (densification) of the epoxy matrix may occur

in service, giving significant changes in mechanical properties [3].

The post-cure cool-down path affects the magnitude of residual stresses

in a composite [4]. Moisture absorption can change the glass transition

temperature, giving a significant change in mechanical properties [1].

The rate of moisture absorption appears to depend on the degree of

curing and physical aging, and moisture content may itself affect the

rate of physical aging. The lack of consistency in experimental

results and micromechanistic modelling appearing in the composite

materials literature today is believed a consequence of the fact that

much of the earlier experimental research was conducted without fully

controlling all of the important variables which affect resin matrix

composites.

It is anticipated that the continuing research program at Texas

A&M University described herein will make a major contribution toward

more unified methods of characterizing behavior of composite materials by

*Numbers in brackets indicate References on p. 48.
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identifying and accounting for the important variables. In view of the

large number of variables to be considered experimentally, it is essential

that the mechanical testing be guided by mechanistic modelling to keep

the total amount of experimental work at a manageable level. A consider-

able part of the effort at Texas A&M University is being so directed.

Additionally, some of the theoretical research is leading to analytical

methods of predicting deformation and fracture behavior of laminates for

use in design analysis of those structures that must withstand severe

environments over long periods of time.

1.3 Statement of Work

"a. Investigate the effects of cure cycle parameters on the
mechanical characteristics of resins, composites and composite
structural specimens:

(1) Study the curing process.
(2) Investigate the effects of cure cycle parameters on

physical aging.
(3) Investigate generation, relief and effects of residual

stresses in laminates.

b. Investigate deformation, damage growth and fracture behavior
for resins, composites and composite structural specimens:

(1) Develop and verify constitutive equations.

(2) Develop and verify ply damage and delamination models.
(3) Develop an automated structural material property

characterization system and data base."
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2. Processing and Testing of Resins and Composites

2.1 New Equipment and Software*

During the year 1980, several pieces of new equipment were acquired

for expansion of the experimental research laboratory to broaden the

capability in processing and testing of composite materials. The majority

of this equipment was purchased with funds from the Texas Engineering

Experiment Station; supplemental funds were provided by AFOSR. The follow-

ing equipment was purchased, delivered, and installed in the composite

materials experimental research laboratory (McNew Building) during the

year:

curing oven

vacuum oven
process controller
cold stage for differential scanning calorimeter
diamond tools

humidity monitor
digital thermometer
laboratory oscilloscope and modules

closed loop servohydraulic mechanical test system
MINC-11 laboratory data acquisition and control computer
HP-45 desktop computer

digital oscilloscope
ultrasonic C-scan system

charge amplifier
HP digital plotter
HP-85 desktop computers (2)
data acquisition and control units (2)

synthesizer/function generator

*Prepared by Dr. K. L. Jerina
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The laboratory oscilloscope and modules are for general purpose

laboratory use and the other equipment has been incorporated into specific

functional systems for processing and testing of composite materials.

The capacity for processing and machining of test samples has been

enchanced by the addition of a vacuum oven and convection oven. These

ovens are used to cure and post cure resins, adhesives and composites

fabricated from prepreg systems. An assortment of new diamond tools for

the Micromech cutting machine has increased the capacity and quality of

machining specimens with hard fibers such as glass and graphite.

The processing press has been used extensively in glass/epoxy and

graphite/epoxy specimen fabrication for student and faculty research

projects. During the reporting period, a microprocessor-based process

controller was installed on the press and control parameters optimized.

The process controller makes it possible to generate a wide variety of

temperature, vacuum and pressure profiles for cure cycles. New cure

cycles are easily programmed in an automatic fashion. Heating or cool-

ing rates of 30F/min. are possible while controlling within an absolute

temperature reading of +3°F. The best accuracy and control for an

arbitrary temperature profile is obtained at a rate of 3°F/Min., although

the press is capable of higher heating and cooling rates. The control

scheme, Fig. 1, consists of a primary control loop on laminate temper-

ature and two secondary control loops on the upper and lower platen

temperatures. The actual laminate temperature is blended with the

command temperature profile in a cascade control scheme to command the

upper and lower platen heaters and cooling water valves. Optimization

of the controller was accomplished through an empirical process of ad-
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justing the individual loop parameters for gain, rate and reset. The

controller is interlocked so that an orderly shut down occurs on an

error such as over temperature or thermocouple burn out. The press

controller has proven successful in increasing production of laminate

samples and in improving the accuracy and repeatability of cure cycles.

Additionally, the ability to study the effects of cure cycle variation

is greatly enchanced by the press controller.

The Perkin Elmer Differential Scanning Calorimeter II has an extended

temperature range made possible through the addition of a liquid nitrogen

cold stage. Also a MINC-11 laboratory data acquisition and control computer

has been interfaced to the DSC, Fig. 2. The temperature and specific heat

signals from the DSC are now acquired by the computer through a digital

input module and analog-to-digital converter. Under control of a real

time computer program the specific heat of a resin sample can be monitored

as a function of temperature. Once acquired by the computer, the data

can be easily manipulated to subtract baseline calibrations and then

permanently stored as part of a data base on floppy disk for later review

and analysis. The data can be plotted on a video-graphics terminal or

digital plotter. Automation of the DSC has increased the accuracy and

repeatability of experiments involving glass transition temperature studies

of resins used in composite materials.

New instrumentation has aided the project in development of the

piezoelectric "duomorph" complex modulus gage. A charge amplifier,

digital oscilloscope, function synthesizer and desktop computer have been

incorporated into the instrumentation, Fig. 3. The task of data acquisition

and reduction for a typical experiment has been reduced from several weeks

to less than a day through automation. The electrical excitation and
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response of the duomorph are monitored by the digital oscilloscope.

Under control of a real time program on the HP-85 desktop computer,

excitation frequency is automatically programmed on the function

synthesizer and sampled values of the gage excitation and response

are transferred to the computer for amplitude and phase angle analysis,

Fig. 4. Automation has reduced the data acquisition and analysis time

for the duomorph gage,making it possible to consider the duomorph as a

real-time cure process monitor if feasability studies are successful.

Management of a mechanical property data base and the analysis of

experimental data has been enchanced by an HP-45 desktop computer and

HP 9872B digital plotter, Fig. 5. The system is design~ed to allow~ analysis

of experimental data stored in a data base with a powerful computational

capability, video graphics, digital plotterhard copy graphics, and

communications to other laboratory instrument computers. This system

has been installed during the reporting period and software is currently

being developed to bring the system up to its full usefulness and potential

as an interactive graphics system. Fig. 6 shows the graphics capability of

the system for a [±45'125 graphite/epoxy creep experiment. The greatest

utility of this data analysis system will be to allow interactive access

and analysis of data base information with high quality graphics capability.

Data acquisition for the five channel temperature/humidity creep/recovery

system has been accomplished with an HP-85 desktop computer and an HP-3497A

data acquisition and control unit, Fig. 7. Also, a multi-point digital

thermometer and humidity gage monitor the environmental conditions in the

test chambers. Creep and recovery data are acquired by the data acquisition

unit under program control from the computer. The program samples two
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Figure 4 Data analysis of duomorph excitation and response
for amplitude and phase angle (theta)
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Figure 6 Creep of [±45]2s graphite/epoxy
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channels of strain data from each creep station at logarithmic time intervals.

The data are tabulated, Fig. 8, and stored as a file as part of the lab-

oratory data base. Implementation of this hardware configuration has allowed

more cost effective and efficient use of laboratory instrumentation.

Capability for non-destructive inspection of composites has been added

to the laboratory during the reporting period. A Testtech scanning bridge,

tank, and plotter, Panametrics transducers and tranducer conditioner, and

an HP delayed sweep oscilloscope give the laboratory an NOT capability

for composite laminates, Fig. 9. A selection of transducers in the range

of 2.5 to 25 MHz allow inspection of graphite/epoxy and glass/epoxy laminates.

Initial tests of the system show that it is possible to detect small density

changes, such as an extra roving, in cured laminates. The system is being

used for both instructional purposes in the composite materials curriculum

and inspection of research material.

Capability for static and fatigue testing of composites has been

added during the reporting period. An MTS Systems Corporation 20,000

pound capacity servohydraulic testing machine and a MINC-11 laboratory

instrument computer have been intergrated, Fig. 10. Data acquisition and

control programs have been developed so far for static tests and single

cycle (load and unload) tests. Structuring of a data base has been

initiated with test data from fracture tests on a short glass fiber/

polyester composite at different temperatures and strain rates. This initial

data base will be used as a guide for structuring and developing data base

concepts. Fortran Software for general purpose data analysis, including

curve fitting and graphic plotting (both video and hard copy), has been

developed for the system. The program reads data files from the data base

(these files are written by real-time data acquisition and control programs),
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Figure 8 Tabulation of creep and recovery data for an epoxy resin.
Column 1 is time (sec), Column 2 longitudinal strain, and
Column 3 transverse strain.
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provides interactive curve fitting and data editing and provides graphics

output (video or hard copy) of actual data and curve fit parameters.

An algorithm and Fortran software were developed to fit creep

n
data to a power law for creep compliance, D(t) = D0 + Dlt , using a

minimum squared error criterion. Current effort involves development

of data acquisition and control software for fatigue experiments and

related exr'nsion of the laboratory experimental data base and analysis

capability.

2.2 Delamination Fracture*

Recently completed work on delamination fracture of a glass/epoxy

composite (Scotchply) and a graphite/epoxy composite (AS/3502) is

described in the following paper (cf. Appendix A) and thesis (cf. Section 4

for Abstract), respectively:

(i) Devitt, D. F., Schapery, R. A., and Bradley, W. L., "A Method
for Determining the Mode I Delamination Fracture Toughness of
Elastic and Viscoelastic Composite Materials", Journal of
Composite Materials, Vol. 14, Oct. 1980, pp. 270-285.

(ii) Hulsey, R. C., "Delamination Fracture Toughness of a Uni-
directio'al Graphite/Epoxy Composite", M.S. Thesis, Texas
A&M University, Dec. 1980.

Delamination in the opening mode of. fracture was investigated using

a split laminate loaded as a double cantilever beam, which is shown in

the inset in Fig. 11; the fibers are parallel to the beam axis. Here

we shall discuss primarily the graphite/epoxy study, as the investigation

on Scotchply is detailed in Appendix A (Ref. (i)).

Initial experiments on the graphite/epoxy composite were conducted

at ambient temperature and humidity, and consisted of measuring load, P,

versus displacement, 2A, for various crack lengths, a. The beam analysis,

*Prepared by Drs. W. L. Bradley and R. A. Schapery
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which includes geometric nonlinearity due to large rotations, was

verified using two of the measured quantities to predict the third,

which was also measured. Subsequent experiments were then run at

higher temperatures in a controlled atmosphere where measurement of

instantaneous crack length was not convenient; the analysis was used

with P - A data to predict crack length as a function of time. The

results of these experiments indicated a critical energy release rate

of approximately 1 in-lb/in 2 except at the highest temperature and

humidity (200°F and 95%RH) (cf. Fiq. 12) where a 20 increase in the critical

energy release rate was observed. This increased toughness at higher

temperature and relative humidity could be interpreted as resulting

from a softening of the matrix as the glass-transition temperature,

Tg, approached the test temperature, T; thus, with much more deformation

taking place in the vicinity of the crack tip, more energy would be

dissipated as the crack propagated. A significant variation in energy

release rate, G, with crack growth rate, a, was not observed. However,

a somewhat serrated load-time record as well as fractographic analysis

of the broken specimens in the scanning electron microscope suggested

strongly the possibility of discontinuous crack extension which might

obscure the true G versus a relationship.

Although more energy may be dissipated in the material surrounding

the crack tip with an increase in temperature and moisture level, as

noted above, the more severe environment may in some cases reduce the

total amount of external work required for the local resin fracture

process; e.g. crack propagation in a thermorheloqically simple elastomer

is facilitated by an increase in temperature [5]. Consequently, there

could be competing processes, and without a good understanding of all
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significant phenomena related to crack growth, one cannot predict

behavior with any real confidence. In order to address this

question, a preliminary theoretical viscoelastic analysis of delamination

crack growth was made using the approximate method in [6], and the

results are shown in Fig. 13. (The model is that of a thin cracked

resin layer bonded between orthotropic beams.) The energy release rate G

is plotted against the resulting crack speed a using dimensionless ratios.

The intrinsic fracture energy required for material separation, r,

was assumed constant, and the resin was assumed to be thermorheolocally

simple; therefore, all temperature-dependence of the value of G required

to produce any given speed A is due to the effect of the familiar

time-temperature shift factor aT on the resin's creep compliance [5].

Recognizing that a major effect of moisture in epoxy (and many other

polymers) on mechanical response is analogous to that of temperature,

we have indicated in Fig. 13 the predicted effect of an increase in

both temperature and moisture.

The existence of a maximum in the G - a curve and the subsequent

negative slope shown in Fig. 13 for graphite/epoxy is due entirely to

the mechanical interaction of resin and fibers. In order to illustrate

the effect of fiber modulus, we predicted the G - A curve for glass/

epoxy, in which the same resin and fracture properties were employed;

the G - A slope turned out to be nonnegative (cf. Fig. 13). However,

other reasonable choices for resin properties indicate that the slope

for glass/epoxy can be negative in some speed ranges.

The analysis was based on continuous crack growth. However,

when the G - A curve has a negative slope, one can show the actual

behavior is unstable. As the actual overall specimen geometry and
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loading condition (constant rrosshead rate) employed in our tests is

such that average crack growth is stable (cf. Ref. (i)), one can

expect crack growth to occur in very small steps of high speed prop-

agation and arrest. Further, at any given speed, the energy release

rate is predicted theoretically to increase with an increase in

moisture and temperature whenever the intrinsic G - a curve has a

negative slope, as indicated in Fig. 13.

These preliminary theoretical findings are fully consistent

with the experimental results for graphite/epoxy discussed previously.

Figure 11 compares graphite/epoxy and glass/ epoxy results; the data

shown for the former composite are from one test sample, but are typical.

The noticeable decrease in G with crack speed for graphite/epoxy occurs

over a very small speed range compared to that in Fig. 13. This latter

difference may be due to the actual step-growth phenomenon, in which

each small step consists of very slow to very high speed propagation,

whereas the theory assumed continuous growth.

Finally, it should be added that epoxy resins (without reinforcement)

in some cases exhibit unstable, step-growth [7]. Such behavior may be

predicted from a viscoelastic fracture model in which the material in

the neighborhood of the crack tip is very soft compared to the surrounding

continuum. We should emphasize thdt the theoretical models discussed here

are only tentative representations of the actual material, and much more

theoretical and experimental work is needed in order to achieve an

acceptable level of understanding of time-dependent fracture in resins

and composites.

Further work to clarify the delamination fracture process in the

graphite/epoxy composite is currently underway; a large portion of
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this research activity is leading to Master's theses for some of the

current M.S. students. Included in this effort is a study of delamination

under axial compression, as a follow-up to work reported in the thesis

by C. D. Poniktera (cf.Section 4). Also, mixed mode fracture toughness

testing has been initiated; the split-beam geometry in Fig. 11 is used,

but the left end is held in place and different loads are applied to

the top and bottom beams. More extensive fractographical analysis of

specimens broken at TAMU and at General Dynamics is planned for this

year also. Furthermore, a special staae has been ordered for the

scanning electron microscope, which will allow composite specimens

to be broken in the microscope while under observation; this should

greatly assist the modelling efforts currently underway.

2.3 Effect of Physical Aging on Creep and Recovery of Resin*

The recent work on physical aging is discussed in the M.S. thesis

by D. H. Metz (cf. Section 4); it is a continuation of an investigation

started in 1979 [8]. The changes in mechanical properties of 3502

epoxy resin , as measured by creep/recovery tests, were determined as

a function of time after quench from above the short-time glass transition

temperature. Quench rate and aging temperature were also varied. Aging

occured most rapidly for a high quench rate, a higher aging temperature

and short times after quenching. The physical aging was observed to

cause a 10 - 20% change in the compliance of the epoxy (with the material

getting stiffer with aging time) at the fastest cooling rate (100°F/min)

and the highest aging temperature (300'F). At cooling rates more typical

*Prepared by Dr. W. L. Bradley

+Provided by Hercules, Inc., Magna, Utah.
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of some commercial processing cycles C$oF/min) and at ambient aging temperature

such as one might also expect commercially, a neglibly small amount of

physical aging was observed. The epoxy material was thought to physically

age much less than thermoplastic materials and many other thermosetting

materialsbecause the very high degree of chemical crosslinking constrains

the material on a molecular level such that less free volume expansion

is observed above Tg9; thus, less excess free volume is trapped on sub-

sequent cooling. Since physical aging is associated with time-dependent

free volume collapse, this effectively reduces the effect.

2.4 Molecular Structure - Property Studies of Resin*

The resin in glass and graphite fiber composites is the source of

most of the time-dependent and ambient sensitive properties and so

studies of the resin properties are very basic to an understanding of

composite properties. An important interface between the studies on

molecular structure and those on the mechanical properties of glassy

resins is in the study of the glass transition temperature and related

effects. Here one hopes to be able to relate the phenomena simultaneously

to both the molecular structure and to the mechanical properties. We

have been studying these effects on 3502 epoxy resin with the differential

scanning calorimeter (DSC) in an effort to improve our understanding of

the effects of curing conditions, aging, moisture and molecular structure

upon the resin properties.

Most of our effort has been spent in an attempt to improve the

reproducibility and quality of the DSC runs since the intended studies

seem to push the instrument to the limit of its capabilities.

*Prepared by Dr. J. S. Ham
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It is often observed that the first trace on a DSC sample is

ragged and so cannot be used, while subsequent traces are of high quality.

For many purposes, the later scans are adequate, but to study aging

phenomena the first trace must be used. This raggedness seems to be due

to moisture evaporating from the sample so we are now trying to keep

our samples extremely dry with some success.

One of the problems considered is how to measure the glass transition

temperature of the proprietary resins (e.g., 3502 and others used in ad-

vanced composites) which is above the decomposition temperature. One

concept is to lower T 9by dissolving moisture into the sample and then

measure the lowered T .* Unfortunately, escaping moisture obscures the

trace, so that we cannot maintain the desired level of moisture while

m'oiasuring T 9. If the moisture level is uncertain, then the value of

T 9is uncertain so that the changes we seek are lost.

The experimental procedure that offers the most practical method to

determine T 9in these samples is to scan rapidly to a high temperature

and then immediately cool back down before much decomposition has taken

place. If one can do this with different scan rates, both up and down,

one should be able to correct for a small rate of thermal decomposition.

This approach requires some data analysis which accounts for the time

constant of the response of the equipment.

In principle, there are a variety of response time constants since

the heater, thermometer and cell are geometrically separated and each

has its own heat capacities and thermal conductivies to other parts and

the surroundings. Since all of the decay times are exponential, we are

concerned primarily with the longest one. We have measured the response

rate constants under various conditions in an effort to develop a method

to unfold the data so that much of the data is saved while the equipment
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is approaching a steady state. This work is continuing.

In related work, I spent the summner (1980) at the Materials

Laboratory, Air Force Wright Aeronautical Laboratories,investigating

problems associated with composites. The Materials Laboratory has

underway a program to develop acetylene terminated polymers for use as

high temperature adhesives and composite matrices. The thermal stabil-

ity of these materials is excellent and the chemistry is very flexible

so that many different polymers may be made. Unfortunately, there are

few guidelines as to which polymer will best satisfy the eventual end

uses. Since the cost is very high to develop the relevant chemistry,

there is a danger that a premature choice will be made, resulting in a

material far from optimum. Therefore, they have developed a program to

collect a variety of data on each polymer or version of the polymer,

utilizing extremely sinall amounts of material. One of the many items

measured is the fracture toughness. While this information cannot yet

be tied with precision to the properties of the adhesive or composite

matrix, it is clear that there is a relationship and that one seeks a

material with high fracture toughness.

My task was to seek methods to enhance the fracture toughness of

resins so that appropriate monomers will be pro'duced to be studied in

detail. My conclusions are that while a heterogeneous material may be

the eventual solu~on, the development of such a material is difficult

and lacks clear guideposts along the way. On the other hand, it should

be possible to loosen the crosslinked network of the polymer by intro-

ducing some dangling ends so that the fracture toughness is improved.

This will reduce certain properties, such as the glass transition

temperature, but this temperature is already so high that some tradeoff

probably can be made. (The length of these loose ends was estimated by
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the entanglement length determined from viscous flow in the corresponding

thermoplastic material). The materials being developed have an extremely

short entanglement length so that only short dangling chains should

suffice. To enhance fracture toughness, this work will be pursued at AFWAL

this summer, where it is hoped that my concepts can be tested. Work

conducted during the summer 1980 will soon be published as a Materials

Laboratory report.

I
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3. ANALYSIS OF COMPOSITES

3.1 Effects of Environment on Response of Composites*
The investigations include studies of the deformation of non-symmetric

laminated plates due to thermal cool-down, the diffusion of moisture into

laminates under fluctuating ambient environments, and optimization of

cool-down time-temperature paths in cross-ply laminates. The latter study

accounts for the temperature dependence of the coefficients of thermal

expansion.

The following papers and theses on this work were prepared:

(i) Douglass, D.A. and Weitsman, Y., "Stresses Due to Environmental
Conditioning of Cross-Ply Graphite/Epoxy Laminates." In Advances
in Composite Materials (Proceedings of 3rd International Con-
ference on Composite Materials, Paris, France). A. R. Bunsell
et al., Editors, Vol. 1, pp. 529-542, Pergamon Press (1980).

(ii) Harper, B.D. and Weitsman, Y., "Residual Thermal Stresses in
an Unsymmetrical Graphite/Epoxy Laminate". To appear in the
proceedings of the 22nd SSD & Materials Conference, Atlanta,
GA, April 6-8, 1981.

(iii) Weitsman, Y., "A Rapidly Convergent Scheme to Compute Moisture
Profiles in Composite Materials Under Fluctuating Ambient
Conditions", Texas A&M University Report No. MM3724-81-6.

(iv) Harper, B.D., "Residual Thermal Stresses in an Unsymmetrical
Cross-Ply Graphite/Epoxy Laminate", M.S. Thesis, Aug. 1980.

(v) Lott, R.S., "Moisture and Temperature Effects on Curvature
of Anti-Symmetric Cross-Ply Graphite/Epoxy Laminates", M.S. Thesis,
Dec. 1980.

An additional investigation on "Optimal Cooling of Cross-Ply Laminates

and Adhesive Joints" is presently in preparation by Y. Weitsman and B.D.

Harper.

*Prepared by Dr. Y. Weitsman
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The essential finding of Ref. (i) are illustrated in Figs. 3-5

therein (Appendix A). If we consider in particular the state of the

residual stresses upon termination of moisture and temperature condi-

tioning, we note that the stress profile depends most significantly on

the conditioning history. When we observe the solid and dashed curves

at the times when our laminate was "Returned to Room Temperature", we

note that the stresses are of entirely reversed sign, in spite of the

fact that the current levels of moisture and temperature are indentical.

The significance of the time-dependent material response is illustrated

in Fig. 5, which demonstrates that elastic predictions may be different

in both sign and magnitude.

In Ref. (ii), we managed to demonstrate that the time-dependent

behavior is amenable to experimental detection. In addition, we also

observe that the residual stresses can reach critical values, suffi-

cient to produce large cracks in composite laminates. Additional

analytical and experimental work is currently in progress, extending

the findings of Ref. (ii).

Reference (iii) exhibits the coupling between the moisture

diffusion process and temperature in composite materials. Figure 1

therein (Appendix A) demonstrates that when exposed to identical,

fluctuating, ambient relative humidities, entirely different internal

moisture profiles can develop within laminates under different temper-

ature histories.
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3.2 Analysis by the Finite Element Method: Constitutive Models and
Fracture Mechanics*

The nonlinear viscoelastic constitutive model developed during

previous years hasbeen incorporated into the finite element program,

AGGIE. The model has been implemented and tested for the plane stress,

plain strain, and axi-symetric cases. The 3/D model has been written

but has not been tested yet. A number of isothermal and nonisothermal

creep and creep-plasticity problems have been investigated and results

compared to available experiments. A report on this work should be

completed by June, 1981.

Related experimental work on the nonlinear viscoelastic character-

ization of composites was initiated; it is described in the thesis

(Section 4):

Kerstetter, M.S., "Nonlinear Viscoelastic Characterization of
AS/3502 Graphite/Epoxy Composite Material," M.S. thesis, Texas
A&M University, Dec. 1980.

The finite element program has been modified to calculate nodal

forces in the vicinity of crack tips and the resulting intensity factors

and/or J-integral values. Three-dimensional calculations of Mode I, II,

and III cracking are thus possible with the program. Although not yet

tested, elastic-plastic calculations for the J integral may be possible

with the program.

3.3 Damage Growth and Fracture of Composites

Recently completed work on theoretical models for damage growth

and fracture is described in the following two papers (cf. Appendix A):

*Prepared by Dr. W. E. Haisler
4Prepared by Dr. R. A. Schapery
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(i) Schapery, R.A., "On Constitutive Equations for Viscoelastic
Composite Materials with Damage," Proc. NSF Workshop on
Damage, Cincinnati, April, 1980.

(ii) Schapery, R.A., "Nonlinear Fracture Analysis of Viscoelastic
Composite Materials based on a Generalized J Integral Theory",
Proc. 1st Japan--U.S. Conference on Composite Materials,
Tokyo, Jan., 1981.

In Reference (i), the material is assumed to be linearly visco-

elastic for a fixed state of damage. A rigorous derivation is then

given to obtain the effect of microcracking and rejoining of crack

surfaces (with or without healing) on the macroscopic constitutive

equation. Residual stress effects due to temperature and/or moisture

are included. The results have served to provide guidelines for the

development of more general nonlinear viscoelastic constitutive equations

with damage and a new theory for the prediction of initiation of crack

growth and crack speed in such composites [9]. Some results and appli-

cations of this fracture theory are discussed in Ref. (ii).

Experimental work on microcrack growth in a viscoelastic composite

(Scotchply) is described in the thesis (cf. Section 4),

Lehman, M.W., "An Investigation of Intra-Ply Microcrack Density
Development in a Cross-Ply Laminate", M.S. Thesis, Texas A&M
University, Dec. 1980.

The initial microcrack state and subsequent growth due to load

application are described; a florescent dye penetrant is employed to

help identify microcrack geometry. A comparison is made between theo-

retically and experimentally determined stiffness changes due to

microcracking. This activity represents a portion of the work underway

to develop analytical models of damage growth in viscoelastic composites

throuch a combination of experimental and theoretical approaches.
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4. GRADUATE RESEARCH ASSISTANT ACTIVITIES

4.1 Summary

The second group of graduate engineering students to participate

in the AFOSR research project entered the program in September, 1979

and graduated with a Master of Science degree by December, 1980. Results

of their research are reported in the following theses:

1. Harper, B.D., "Residual Thermal Stresses in an Unsymmetrical
Cross-Ply Graphite/Epoxy Laminate."

2. Hulsey, R.C., "Delamination Fracture Toughness of A Uni-
directional Graphite/Epoxy Composite."

3. Kerstetter, M.C., "Nonlinear Viscoelastic Characterization
of AS-3502 Graphite/Epoxy Composite Material."

4. Lehman, M.W., "An Investigation of Intra-Ply Microcrack
Density Development in a Crossply Laminate."

5. Lott, R.S., "Moisture and Temperature Effects on Curvature
of Anti-Symmetric Cross-Ply Graphite/Epoxy Laminates."

6. Metz, D.H., "Experimental Investigation of Free Volume
Concepts in Relationship to Mechanical Behavior of an
Epoxy System Subjected to Various Aging Histories."

7. Poniktera, C.D., "Application of Energy Release Rate
Principles to Compression Debonding."

Abstracts are given in Section 4.2. Copies of the theses will be

provided upon written request to the Principal Investigator (R.A. Schapery).

The current group (starting September, 1980) consists of seven (7)

M.S. students and one (1) Ph.D. student. The topics are listed below;

most studies involve both experimental and theoretical work.
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M.S. Theses--

1. Shear deformation effects in highly anisotropic laminates

(Coulter/Weitsman).

2. Micromechanisms of delamination fracture (Williams/bradley).

3. Mixed-mode delamination fracture (VanderKley/Bradley).

4. Compression-induced delamination (Earley/Jerina).

5. Delamination under complex loading histories (Cullen/Jerina).

6. Delamination fracture analysis including effect of matrix
damage (Arenburg/Schapery).

7. The effect of elliptical hole shape on the design of pin
loaded filament wound fiberglass tension lugs (Braswell/
Alexander).

Ph.D. Dissertation--

8. Environmental effects in unbalanced laminates (Harper/Weitsman).

The next quarterly report will contain thesis proposals describing

the research planned under each of these topics. Besides conducting this

research, the students are involved in academic courses, as described

in the brochure in Appendix B.

In addition to graduate students, a few select undergraduate

students assist in the various research activities. The participation

of these undergraduate students aids in the research and helps to acquaint

them with composite materials prior to enrolling in the graduate program.

4.2 Abstracts of M.S. Theses Completed in1980



37

ABSTRACT

Residual Thermal Stresses in an Unsymmetrical Cross-Ply

Graphite/Epoxy Laminate. (August 1980)

Brian Douglas Harper, B.S., Ag. En., Texas A&M University

Chairman of Advisory Committee: Dr. Y. Weitsman

This thesis presents a method for determining the residual

thermal stresses in AS-3502 graphite/epoxy laminates due to cool-down

from their cure temperature. Also included is a method for de-

termining the optimal time-temperature path that will minimize these

residual stresses.

The analysis considers the time-dependent behavior of the

material and all calculations employ recent data on the thermo-

viscoelastic response of the AS-3502 graphite/epoxy system.

The viscoelastic analysis is verified through curvature measure-

ments of unsymmetric cross-ply plates fabricated from the AS-3502

graphite/epoxy material.
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ABSTRACT

Delamination Fracture Toughness of A Unidirectional

Graphite/Epoxy Composite. (December 1980)

Roy Charles Hulsey, B.S., Texas A&M University

Chairman of Advisory Committee: Dr. Walter L. Bradley

The opening mode delamination fracture toughness of a graphite/

epoxy composite under varied temperature, humidity and crack growth

rates is investigated experimentally. Energy release rate for a

stably growing crack (Gv) is determined using a double cantilever

beam specimen and a linear elastic fracture mechanics analysis coupled

with nonlinear beam theory. The temperature range of 75F to 200F and

0% RH to 95% RH has been studied. A significant effect of temperature

and humidity on Gv is observed only at 200F and 95% RH for the system

2
studied. Gv values of 0.955 in.-lb/in (standard deviation = 0.08) are

2
determined in general with a value of 1.14 in-lb/in determined at

the 200F - 95% RH condition. The energy release rate is not found to

be significantly affected by crack growth rates in the range 0.01 to

10.0 in/min.
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ABSTRACT

Nonlinear Viscoelastic Characterization of AS-3502

Graphite/Epoxy Composite Material. (December 1980)

Michael Scott Kerstetter, B.S., Texas A&M University

Chairman of Advisory Committee: Dr. K.L. Jerina

The objective of this paper is to study the creep and recovery

response of a composite subjected to several high stress levels in

a high humidity environment. Strain versus time data obtained from

uniaxial creep and recovery tests were used to characterize visco-

elastic deformation in a [t45]2S laminate. A description and examin-

ation of the effectiveness of two data collection schemes are pre-

sented along with a discussion of some important experimental aspects

such as generation of the test environment and mechanical and humidity

conditioning. Data were obtained from creep and recovery for several

stress levels which were reduced using graphical shifting procedures

from which nonlinear material parameters were determined. Conclusions

and recommendations for future research are presented.
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ABSTRACT

An Investigation of Intra-Ply Microcrack Density

Development in a Crossply Laminate. (December 1980)

Michael William Lehman, B.S., C.E., Texas A&M University

Chairman of Advisory Committee: Dr. R. A. Schapery

An investigative technique is qualified as an experimental tool

to aid in the quest involving identification of parameters controlling

damage accumulation in laminated composites. Specifically, the flaw

state, encompassing geometry, size, and density as a function of a

monotonic load historyis characterized for a [903/04] s glass epoxy

test laminate. Founded upon direct and indirect experimental observa-

tions, a subjective description for flaw or crack development on both

a local and global scale is also presented.

Theoretical bounds for strain energy change are established for

the investigated test laminate. These bounds are used to compare and

qualify the experimental data in the range for which the relationship

between residual modulus and transverse crack density is linear.

Finally, possible candidates controlling the global rate of strain

energy change for accumulating damage are identified.
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ABSTRACT

Moisture and Temperature Effects on Curvature of

Anti-Symmetric Cross-Ply Graphite/Epoxy Laminates. (December 1980)

Randall Stephen Lott, BAE, Georgia Institute of Technology

Chairman of Advisory Committee: Dr. Y. Weitsman

This thesis presents a method for analytically determining the

mid-plane strains and curvatures of anti-symmetric cross-ply graphite/

epoxy laminated plates which are exposed to high humidities at

elevated temperatures.

The analysis considers temperature dependent moisture diffusion

and time/temperature/moisture dependent stress relaxation. Recent

data on the hygrothermal-viscoelastic behavior fo the AS/3502

graphite/epoxy system is employed in the calculations.

Results of both elastic and viscoelastic analyses are presented

and compared to measured curvatures of anti-symmetric cross-ply

plates fabricated from the AS/3502 system and exposed to high temp-

erature/humidity environments.
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ABSTRACT

Experimental Investigation of Free Volume Concepts in Relationship

to Mechanical Behavior of an Epoxy System Subjected

to Various Aging Histories. (December 1980)

Daniel Hugh Metz, B. S. University of Illinois

Chairman of Advisory Committee: Dr. W. L. Bradley

An epoxy resin commonly used in advanced composite materials for

aerospace application was tested for changes in viscoelastic behavior

after being quenched from above T to 300'F, 200*F and 75°F and then

isothermally aged. The qualitative correlation between the changes

in viscoelastic response and free volume is discussed. In general

more total physical aging and a more rapid physical was observed at

higher temperatures. Data obtained from these experiments is useful

in contributing to an overall understanding of factors important to

the optimization of processing parameters in the manufacture of

composite material components.
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ABSTRACT

Application of Energy Release Rate

Principles to Compression Debonding. (August 1980)

Christopher Dale Poniktera, B.A. Engineering Science with a

Specialization in Applied Mechanics, University of California

Chairman of Advisory Committee: Dr. K. L. Jerina

The objective of this research effort was to provide a critical

assessment of the state-of-the-art of the analysis of compressive

debonding of fiber-reinforced composite materials and to investigate

the applicability of using an energy release rate approach as a means

of analyzing this phenomenon.

The method developed utilizes linear beam-column theory and

assumes prior knowledge of the critical strain energy release rate

of the system analyzed.

An experimental program employing a polymethylmethacrylate (PMMA)

model system was conducted to verify the proposed analytical technique.

The model system consisted of a symmetrical beam-column arrangement

subjected simultaneously to axial and lateral loads.

Results of the study indicated good agreement between experi-

mental and theoretical model displacement predictions, but predic-

tion of debond propagation, based on know Mode I critical strain

energy release rate values (GIc), was not obtained. The author

offers several possible reasons for this apparent discrepancy.



44

5. PROFESSIONAL PERSONNEL INFORMATION

5.1 Faculty Research Assignments

Each participating faculty member is responsible for the research

conducted in at least one specific area of investigation, as shown below.

In addition, most serve as chairmen of one or more of the graduate

advisory committees for M.S. students and, as such, direct their

students' research project. The faculty also contribute to other research

activities on the project by serving on student advisory committees,

through technical meetings, informal discussions, and, in some cases,

through specific research work.

The Principal Investigator (R. A. Schapery) has responsibility for

overall technical direction and coordination and for project management.

In addition he has direct responsibility for certain research work, as

noted below.

Faculty Member/Departmental Affiliation Primary Research Responsibility

Dr. Walter Bradley/Mechanical Physical Aging Behavior,
Engineering Delamination Fracture Properties.

Dr. Walter Haisler/Aerospace Development of Finite Element
Engineering Models.

Dr. Joe Ham/Physics Curing and Aging Studies.

Mr. Bob Harbert/Civil Engineering Duomorph Gage

Dr. Ken Jerina/Civil Engineering Experimental Data Base,
Mechanical and Failure Property
Characterization.

Dr. Richard Schapery/Aerospace and Principal Investigator and
Civil Engineering Theoretical Models for Physical

Aging, Damage Growth, and
Fracture.

Dr. Jack Weitsman/Civil Engineering Constitutive Relations,
Environmental Effects.
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5.2 Additional Professional Staff

Mechanics and Materials Center

Mr. Carl Fredericksen - Electronics Technician

Mr. William Eue - Computer Programmer

5.3 Spoken Papers and Lectures at Conferences and Other Professional
Activities of the Faculty Related to Composite Materials
(1 January 1980 - 31 December 1980):

W. L. Bradley

Invited Lectures and Conference Presentation:

"J-Integral Fracture Toughness Studies of Cast Iron," American
Founderymen Society, Annual Meeting, St. Louis, April 1980.

"Fracture Toughness of Nodular Cast Iron," Sandia Laboratories,
Sept. 1980.

"Size-Effect on Toughness Measurements of Nodular Cast Iron,"
American Institute of Metallurgical Engineers (AIME), Annual
Meeting, Las Vegas, Feb. 1980.

Technical Committee Membership:

ASTM E-24 Committee on FractureMetal Properties Council, sponsored
jointly by ASME, ASM, and ASTM.

Awards:

Best Materials paper of the year by the American Nuclear Society:
"Corrosion and Mechanical Behavior of Iron in Liquid Lithium,"
Nuclear Technology, Vol. 39, 1978, pp. 75-83.

Named Haliburton Professor of Mechanical Engineering.

K. L. Jerina

Invited Lecture and Conference Presentation:

"Effective Moduli of Three Dimensionally Reinforced Fibrous
Materials," Gordon Conference lecture on Composite Materials,
Santa Barbara, Jan. 1980.

"Viscoelastic Characterization of a Random Fiber Composite Material
Employing Micromechanics," Short Fiber Reinforced Composite Materials,
ASTM, Minneapolis, May 1980.
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Technical Committee Membership:

ASTM E-9 on Fatigue, Corresponding Secretary

ASTM E-24 on Fracture

ASTM D-30 on Composite Materials

SAE Fatigue Design and Evaluation Committee
Chairman of Task Force on Composite Materials

R. A. Schapery

Invited Lectures and Conference Presentations:

"Fracture and Fatigue of Viscoelastic Materials," University of
Wyoming, Jan. 1980.

"On Constitutive Equations for Viscoelastic Composite Materials

with Damage," NSF Workshop on Damage, Cincinatti, May 1980.

"A Complex Modulus Gage- The Duomorph", Annual Meetinq of the
Acoustical Society of America, Atlanta, April 1980.

"Nonlinear Approximate Analysis of Solid Propellant Grains",
Structures and Mechanical Behavior Meeting of Rocket Propulsion
Group, Sept. 1980.

"Composite Materials for Structural Design", Sixth Annual
Mechanics of Composites Review Meeting, Oct. 1980.

"Application of a Generalized J Integral to Fracture of Linear
and Nonlinear Viscoelastic Composite Materials", 17th Annual
Meeting, Society of Engineering Science, Atlanta, Dec. 1980.

Technical Committee Membership:

National Materials Advisory Board, National Academy of Sciences,
Committee on "High Temperature Metal and Ceramic Matrix Composites".

Awards:

Named Alumni Professor and Distinguished Professor of Aerospace
and Civil Engineering.

Y. Weitsman

Conference Presentation:

"Stresses Due to Environmental Conditioning of Cross-Ply Graphite/
Epoxy Laminates", 3rd International Conference on Composite Materials,
Paris, Aug. 1980. Also participated in panel discussion.
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Technical Committee Membership:

AIAA Subcommittee on Design Allowables for Composite Materials.

In addition to the above activities, the faculty attended several

conferences on composites, published papers on other projects, and worked

as consultants to industry.



48

6. REFERENCES

1. Renton, W.J. and Ho, T., "The Effect of Environment on the
Mechanical Response of AS/3501-6 Graphite/Epoxy Material",
Vought Corp. Advanced Technology Center Final Report, Aug. 1978.
Contract No. N00019-77-C-0369 with the Department of the Navy.

2. Williams, M.L., et al., "Mechanical Spectroscopy for Epoxy Resins",
Interim Technical Report, Sept. 1977 - March 1979, Univ. of Pittsburgh,
Contract No. F33615-77-C-5232 with AFML.

3. Struik, L.C.E., Physical Aging in Amorphous Polymers and Other
Materials, Elsevier (1978).

4. Weitsman, Y., "Residual Thermal Stresses due to Cool-Down of Epoxy-
Resin Composites". J. Applied Mechanics, ASME Vol. 46, No. 3,
Sept. 1979, pp. 563-567.

5. Schapery, R.A., "A Theory of Crack Initiation and Growth in Visco-
elastic Media: Part III, Analysis of Continuous Growth," Int. J.
Fracture, Vol. 11, 1975, pp. 549-562.

6. Schapery, R.A., "A Method for Predicting Crack Growth in Non-
homogeneous Viscoelastic Media", Int. J. Fracture, Vol. 14, 1978,
pp. 293-309.

7. Yamini, S. and Young, R.J., "Stability of Crack Propagation in
Epoxy Resins", Polymer, Vol. 18, 1977, pp. 1075-1080.

8. Ring, D.S., "Determination of the Relationship of Free Volume to
Mechanical Behavior for an Epoxy System Subjected to Various Aging
Histories", M.S. Thesis, Texas A&M University, Dec. 1979.

9. Schapery, R.A., "Correspondence Principles and a Generalized J
Integral Theory for Deformation and Fracture Analysis of Nonlinear
Viscoelastic Media", (Three-part report in preparation).



49

APPENDIX A

Recently Completed Reports and Publications

1. "Stresses Due To Environmental Conditioninq of Cross-Ply
Graphite/Epoxy Laminates" by D.A. Douglass and Y. Weitsman.

2. "Residual Thermal Stresses in an Unsymmetrical Cross-Ply
Graphite/Epoxy Laminate" by B.D. Harper and Y. Weitsman.

3. "A Rapidly Convergent Scheme to Compute Moisture Profiles
in Composite Materials Under Fluctuating Ambient Conditions"
by Y. Weitsman.

4. "On Constitutive Equations for Viscoelastic Composite Materials
with Damage" by R.A. Schapery.

5. "A Method for Determining the Mode I Delamination Fracture Tough-
ness of Elastic and Viscoelastic Composite Materials" by D.F. Devitt,
R.A. Schapery, and W.L. Bradley.

6. "Nonlinear Fracture Analysis of Viscoelastic Composite Materials
Based on a Generalized J Integral Theory" by R.A. Schapery.
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INTROnUCTION

Increasing concern with the effects of temperature and moisture on the per-
formance of composite@ demands the develupment of accelerated conditioning tech-
niues. These conditioning schemes attempt to sLujlate extreme exposures to
moisture and temperature which may be encountered In service life,

Since m sLture difutus extro.mely nl.,w the conditioning process is accelerated
by employing elevated rmperature which accelerate the moisture sorption and
ihozten the duration of the experiment.

It was observed that -:artain conditioning schemes Lduce damage in the coo-
poslre. In order to develop Cime suving, yet non-diAging, laboratory experiments
it is necessary to predict the stresses which arise due to moisture and temperature
in conposits laminates.

In ,As paper the moistuce and tempernture effect* are incorporated into a
viscoeiaritic constitutive relation, which is based upon creep data at various
levels o! rvmperatures and moisture contents. It is noted that both envirocental
factors act as swelling agents. which introduce stresses in the presence of geo-
metric onstraunts. On the other hand. both moisture and temperature enhance the
relsxaticn of stresses, thus cociensating for their initial effects. While this
"competition" is accounted for In the viecoelastic representetion it cardnot be con-
uidertd %.thin the context of an elastic response. Coneequently, test articles
which ore conditioned in different manners will contain disparate residual
stresses and perform differently urder loads.

In thl paper we conider a symmetric, balanced, cross-ply laminate. Results
are presented for tW ctnditioning schemes and comparison is provided with an
elastic analysis. Addittnal resulot and further details ore given in Ref. [11.

PgaLI)INKY CON S _IT ATlION

.,rty ve pr--e, t lnduvldoolly the major factor* present in moisture con-

M tat r C tI [I..,o

7 p ttf,,sion Int, ,,in eesite :.minates is found to follow Fick's second
"A. 1, t in one dimcnaln r,.da

-- U-. (1)

TX S,iatlo-:, ( (1). an4, qtvady emblont cnnditions is given In tw alternate

.... l. f(o'2n-l-fh .2n- _1+u Lh)

ct s~ m ) fc-,-i + ertc (2)

~n -(I)0+ C e n (3)

.her, the dic... nl- .. rim, . . Io given by t , and in (3)

!t ,-Sn be sh-a tht 1-r to -' 25 (2) -nverges rapidly while for t* '0.29
fr I, Is more advanraeo-, I. I . (21 and (3) m Is moisture. ma is the con-
Stan: ambient o isture, , is i ,,tnlftrt Initial Moisture. I is the spatial



-d LJnit, a,- i vLi thickness. t i t toe and D) tilt mOl.tcuri diffuslvity.

It ha-. been f.ound I% I that the ascLcirjoci level ma~ depoldis on. the relative
.,ldity RH. In Sraphits/epoxy systems A linear relationship a - 1E(11) Is employ-

In addition, the diffusion coefficient D is temperature dependent 16). This

epen~dence is Xiven by D(T) -Alexp(-BIfT).

Swelling Di.. to Moisture

The transverse swelling of moat gr..phite/eporv systress due to moiature absorp-
*n to Sketched in fix. 1 (7, $1. The phenomenon Is characterized by a moisture

r% Ajnilton cofffiCient ST-

Moisture Content

Fig. 1. Tranoverse Swelling Va. Hlistura Content

rhe tr--v.ers, atraLn due t,, mu istre dwelling to expreased as follows

( m -m furs a,

In (i.) *1 im ,~ thrreihold value below which moisture in not accompanied by any

fteasurec itt. indicate that ttu, I-xi it udlcI KwellIIn& coefficient is
.gligibly salwl in1 we -hall t.ke 81 - 0

Temperature ilttusion and rhermal Locanfjon

: ,ta !n temper.iture aiftustoi in.0 Ie tI'kt, for typical laminates, this pro-
pteeeds oruch tarler than all other t toe -dependent processes. Therefore we

'ill dilsresr,! temp;eratrer diffusion and i'nsider spatially uniform, thermally

In uri.-ttionai 1.m,nje the tt-e il str.ilri are completely characterized by
.sroinudna and tr~noverot -ell i tents of thermal expansion a01 and OT.

(;ecattrv__and _h.tm Ion

Wo ih. ., , li sylliettc , C 4v lity-us and let the principal material
,:.mncide with t-'.- - v rinitr,. The itaxisl is chosen parallel to the

iWrsj in tfno * plien. Whenever ne~e'mssry we shall employ subscripts L and 7 to
ncE* long,',ittlil and tronsver - dire, tt,'ns. See Fig. 2.



IrL
Fig. 2. Laminate Geometry and Notation.

Viacoolaetic Behavior

The viscoelastic reaponve of grephite/epoxy laminates in the transvers
direction Is of pramoui significance during environmental conditioniag. The

tim-dependent transverse compliance ST can be exprased by a *power law"
equation (9J

T - D 0 ( T , H ) + 0 1 T , N q)

abere is the initial complLance, t is time, (T,M) is the shift factor function
which depends on humidity and temperature, and DI as.

4 
q are material comatants.

The dependence of Do on T and H can be expressed by (91 %(T.I) - &T% + Ib + ck + d.

However. in order to simplify omptitatfons we shall approximate DO(TH) by fts
average value over the range of T and H in each conditioning scheme. This approxi-
mation entails errors of about St.

The data on the Shift-factor function a(T.M) can be axpressed by

a(TH) - a1 (T)*2 (H) where

log a(T) - & 3 + &4(/T) + aS(I/T)
2  

and (')

.2kH) - a6mb,

The c,,plianca S1 and S1, do not exhibit time, temperature and moisture depenece

Zlailc Conpltn'ee -.nu Moduli

We shall take all elastic complliance and modull as the initial viscoolatic
values. Nduli are inverses of compliance#, se follows

CL - . Cy -Sn. . C12 - -sn/ where A - SDO - S11. (7)



fined Stress - Strain Relations

Uet ic

The combined eJantic stress-&train relations -for the plies considered hereik.
and for a state of plane stress, are

Oo0 - CLIx + Cl2ey - (CLO L + Ci2aT)AT - C12BT(s - m*) - CLIL '

Us
90 

. CT" + CIZEy - (CToT + CI2L)AT - CTST(m - 01) - C12Lm
(a)

07 - C12t x + CTvy - (CT.T + C120L)6T - CTST(S - ) - CI2BLa

oy90 - C1tN + CLay - (CL*L + CI2T)AT - CI20T(U - N) - CLALS

.,ere superscripts 0 and 90 denote ply orientations. It should be borne In mind
.rast since a - m(z0c). all stresses depend on a and t. ,ever for the mske of
notational brevity this dependence Is suppressed.

Viscoelastic

in analogy with ( 8) the vlscoslastic stress-strain reletiome for combined
effects 1101, expressed in terms of compliances. are

oO + S1jy0 - RI0

sj0os° + 0ooy0+ D (C - )q !.a dT - 20

0 + 90 (9)
Doo6

9° 
+ DI u EP .- dT + S12"y

90
-ft1

S1,0.
9
0 SLOyO - R,

90  
where, in (9)

t I

* C(s,t) - a(T(S).miz(e)) , ((zT) *abf0
and

Isf z a Lu L SLAT I R1
9 0  

x-9 T (a - 01) -0AT

R 2 0 t t y O T T ( m o w . 7 A ) - T , R 1 9 0 - c ' - OL E - L O T .

ELASTIC STRESS ANALYSIS

Contder a symmetric laminate compoied of N. 0* plies *ad %0 90* plies. The
,iJnate undergoes a total temperture change AT. which consists of coolin from
ra to room cempersture and then heating to the desired level of conditioning

tempsrature at which moisture conditioning is enhanced. The laminate also absorbs
wivture during storage prior to conditioning and due to conditioning at increased
*midity. All this time the luminste is free of external loeds.

The elastic stresses are obtained by superposing the solution for a geo-
.ecricelly constrained case, in which the moisture sorption and temperature vars-
tioa aer considered without any deformation, and the solution for strain fields
.(t) and E,(t) which are uniform throughout the thickness. The superposition is
!fIected in ench a manner that the net resultant forces FX and Py. in the x and y
r:"rctiona respectively, vanish. 'he requirements Z X " 0, IFy - O, represent the
0sence of externally applied loads, but are nsufficient to account for detailed
edge effects, and provide the equations to determine the strains s.X(t) and c (t).
tince the moisture profile at each time is known from the solution to the diffusio

eqution, denote the total contribution to swelling due to moisture in, say, the
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tth ply by

.T )- f (u - a1)dz (20)

Thicknoee of

ith ply

in (10), the superscript #. which eay be 0* or 90. indicates the Olrlstatit ot
the Ith ply. Consequently, the cumulative transveree welling due to msture for
all 0' plie. Is

En

OrO1
0 (t)) -- (mot.Q1)

and similarly for the 90' plies

M90 o

e.m(N t)) - .T(mgi)

The cotl longttudinal swelling can be obtained in am analogous monet'. U,-
ever, loce we take . - 0, these analogous terun will vanish in our case.

Deno. ho 4nd h
9 0 

as the total thickness of all of the 00 and 90o pitle re-

spectively, then employmenr of (8) together with the equilibrint requiromets

Lyz 0. T1 y - 3 yield

(h
0
C t + h o Gr)t. + (h

0  
+ h90 )C 2 1V - R I

(h
0 

+ hg0)C 26" + (ho90 + h 90cl)Cy . ,

where

R- (LeL(N
O ) 

+ C12 T(N
0
) + CTT(M 

90
) + C 12 *L (N

9 0 )

* hO(cl 1.HC oT)AT 4 hO(CTOT + C !)AT (12)

It - C 2 eL(N 
0

) + C Tev(M)+ ( i..O(9
0

) + CLeL(M'O)

+ h O(C T + C12OL)AT + hgo(CLnL + C ; T )6T

The aimul-aoneoucb olut in of (11) yield* the values of the ties-dependent atrtains
'. an, .,. The utress profl o doe cc temperature and noisture condictioning Is ob-

tained by substituting the strains from (11) into (8).

The time-dependnt elastic sresses are thus determined for all times until

moistu, saturation is r,.oched for each particular conditioning scheme. At this
*sage, the Ce'perature i s lwered do wn to room e per aure, c ueing sudden in-

creonts In all stresees. These Increments are obtained by solving a alelifted
version of (11). (12) and (8) in which N nd I 2 contain only suitable aT term.

S34



VISCOELASTIC STRESS ANALYSIS

Consider Eqs. (9). These equations contain four unkaon stresee whose evalue-
i.in requires the solution of simultaneous Integral equations.

To avoid this cumbersome task we invert the compliances and rewrite (9) to e-
%s, stresses in terms of g1 . y, a and T.

As a first step toward this inversioo consider the Laplace transform of (9).

tenotins ?(p) -f 
-p
t f(t)dt and PF(p) - i(p)

0

-e obtain from (9)

+. - 0 -9 90 *..0 0

T. ci 12,1 1 * 12 i Y 290 90oo~0 1 (13)

Inverting (13) we obtain

a 0 .CL RI 0 C 12 2  
a90 - 90 + C1212 t)

- 0 - C------------0 CY90 . 1 0 + E20

S S

S T SL - s12
Ii (14) C L ' - 12

.,nd 6 SCST - 2

In the present case, oith S and S12 being constaSt. the only term whicb re-
ies attention Is S . L

In view of (5)

ST . Do + Ditq

dfleequently

- 1) 0 r
T 0

'.e hliall employ the pjoXiMMLe form 1I11, whereby F(t) can be eprseed from
icrordinj to F(t) - F(p) p - 1/2t. Therefore (15) yields

I, ({ D U(I + At"
)  (16)

D rq + 1L

DO

Similarly. Instead oi we shall write, upon inversion

((t) SD( * - 2 (11)

ltogether, the L.,,.a P trnr form Inversion of (9) will give
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0 0~o 0f M (+ C 1 CM - C(t !!("),

0 
(18)

0 Jt) f IC121C (t) - t ( ) I +s- C Tic(t) -C (0) dr: dr
u

and similar expressions for (I 9lt) and oy9o(t)a

LJplicitly In (18). wa have CL(t) - Do(l &t4)/A(t), CT(t) - ILIAt),

and C1 2 (t) - - S1 2/6(t) where A(t) - SLDO(14/tt) - 3i22

Just ac In the elastic analyst we now have term R1 (t), RO(t). and .ls
110(t) and 1

0
(t) which contain known values of moisture (8,t) and temperature

AT(t) and yet unknown @trains ,(t) and r(t) which are spatially uniform. Those
ummm strains are present In order to reassure null reultant forces E7 3 (t) -
0, IF (t) - a. Note that the above requirement of null resultants which applies
for 4ll times, provides the coaditions for the determination of ex(t) and ey(t) at
all tine.

In addition, we should note that the viscoelastic analyse considers the
intial stresses and strains , (01 and c(O) end accounts for their own relaza-
tin as tim progresses during the condittoning stage.

Yinally, in order to Clarify matters. we observe that during conditioniag the
inLtre u vaies but rhe temperature T remaing conetant. therefore AT - 0 in 310.

120, etc. during that stage.

Altogether we have a (.t) - - LCL(M) + nTC 1 2(I (Tcurs - Tcood)

LCL (C) +8TCL 2 ( iX,O) O C L(0 r3 (O) + C U(C) ty(O)

+ f- E(,) - - -- + C )  - a1 ,(

4T1  d 12 di

- t,- () d - 
- 0C12[(¢t) - (,)( .(.,) - u (1,(18)

Similar expresions cen be derived for o.90 (.t), o a .t) and oy 90(.t). For
dotaia se Ref. 11).

In (19) o(s,0) is the misture level at toe beginning of the conditioning
stage. Tlis moisture level, at t - 0

+
. is taken to be the ebient conditioniag

msttre level at the outermost surface of the laminate (a - th), while the re-
smilder of the Laminate remains at the initial moisture level due to storage.

,. k19). and its countrparts for ox". oa0 and UY
9 0 , 

express the time-

depi wdent visconlestic stresses until saturation time t - tf. The value of tf of
curse depends on the conditioning temperature T. At t - tf the temperature is
lowered to the rtom temperature Ti. ceustwg sudden stress incremmits.

These increments ate computed elastically because of their rapid dsvelopmest,
which rules out viscoeassticity.

Thus, at time tf we get

SJ6
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0 +(o 0t,0 ( +
t  

0 (a.tt) tT I CL(0) C (0))(Tcod -f 12

C C()I,(r+) + 4 CLO)t%(t+)

"aa--los, 4spreesiun can be derived for o90(s.t . MO(,u.4 ,e nS(.).

-a- tar sto details see Rel. (1).

The time dependent strains c(t) and cy(t) are determined from the requirement

b hthat L.(s.t)dz - 0 and Lh y (z.t)dx - 0 at all time# t. The thus determined

L, ) amd &,(t) are then reinserted into (19). (20). end the analogous owpresslo e,
cc Lalid the actual stress distributione.

In order tu perform the Computations indicated in (19). we diesretize the
rhickme of the laminate into portions As and the tim Interval lAto portions L.
r thInmas dilcrttzation i required to order to determine the moisture profile
.1 Ach ELMe and account for its affect on the "reduced til", t - C(s.t).
,h.., .erme. thie diacrettzation is required when perforaleg the lategration of
4rreasm across the thicknssa to obtain rFS - 0 and rFY . 0. Satisfectory results
were obtained by dividing each ply into five equal Increments &X M 0.00025 ca.

The discrettinrton of the ties domein t into portions at hetwee t, 0 and
t... current value t im required to evaluate the time integrals ilk. say,

de~alt

for Ibis purpose we employ a acheme similar tv (12). Denoting t, . 0. t tj+

ecf tt d()'---T F, " f L dt(,
S( - -c((t) - (t)] --( dy

l l
2 L CL(J+i, 1+ (thL)l + CLI((tl+I) 011(tk)I  4(rtk+l) - Cltk)]
e-1

Expression (21) contains all previously known straines c(I 1 ). st(t ) ........
c ) and the current, yet unknown. etrain C5 (tJ+ 1 ). In this atr tie unknon

o:alns t,,(tJ+) and. similarly. ty(tj+,) are luolated and solved for in a tie-
.aLai sequence.

lattsfactory accuracy was obtained by taking six equal iscremente per decae
n."s& the logarithmic CLia scale,

MATUiL PROPERIE, AND COMPUTATIONS

The material properties "hlch entered the actual computations are summrized
7 Table I below. Due to the incompiteness of the esperimeutal date it was
Yv~escary to employ data for rr graphite/epoxy systems, Oat marked with a star
1, refers to T300P,208 Wrom Ref. (71. otherwise the data refers to AS/350l-4 from
#!- 19),

The ectual cnoUtbttOtS aim at LoMparinS the streses for two conditioning
-:tro: ments. In both cases, the nlital stresses are tdonticale end ere attribu-
ad to the following causes:

S37



Parameter Symbo aal I..*

Moisture diffusivity A 0.016715 cI /sec.*
D - AIexp(- I/T) (T in "K) 61.0°P

Coefficient of moisture expansion
per 12 veight gets

Locngitudinal L '

Transverse T  O.4899*

Moisture offset value a l  0.5450
e

Coefficient of thermal expansion

Loogitudinal %L -. 4 x 10
- 6 

cm/cm/*Ke

Transverse 'IT 25.74 x 10 ck/C*/*Ke

initial transverse compliance D 0 a .12878 x 10

D & eTV 4 bT + CH + d b .1147 R 10
- 9

-

c .29075 a 10-
9 

k-

d 4., 10 ps

Transverbe compliance, creep D .1631 x 10
- 

kpa-ll/ec~
q

Power law exponent q 0.18

Longitudinal complience SL  .7653 x 1O'6kts
I

"Cross effect" compliance S12 -.1679 x 10
-8 

kPa
"1

Temperature shift factor function a3  -105 5

Eq. (6) a4  6.183 a 104 K

a -9.053 x 106 K 
2

5
Miqsture shift factor function a6 .06336

2 a 6 x (2m)61 b1  4.942

Moisture to R.H. converbion !actor

a - P x (2R.H.) E .01505"

Table 1. Material Properties

I. Co,,l-do'w from a cure temperature. Tcur. - 450'K (350'F) to room tempera-
ture, Tro* " 297"K (U°F)c.

2. jnlfc,m aL, Isure vat rartion during storage due to 50 relative huiLdity.

In .. tuallry, hr -fiect ,I the t'mperaturv rise from 
T
roum - 75- F to the condl-

tining tomperarurk" Im Incorpor.rt-1 Into the initial conditions.

Th. two contiti.,ning environment- or.

I. 33k (150"F) at 981 R.H.

2. I ,'*K ki8O*F) at 98: R.H.

", Agvitrdeb A, material parameters, which are dependent on the conditionlig
environment. are calculated for each environment and summsrized in Table 2.

R-,its Ar- shn-rn f,,r (02/90 1 laminates. Further results, for other lay-ups
are 

8
tfvn in WI).
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o01lioatmt Tftorature

Parameter Symbol 1391K 531K ltt*

.isetura diffualvity 0 .2000 a 104 -3794 i 10
1  Get/of.

:.ictal tranavr.e D0 .1063 x 10
6  

.1102 x 10
6  

kPa8
"

.mperature shift a1 0.0137 0.00063
factor function

Elastic ioduli CL 131.1 x 106 131.8 x 106 kPa

CT 9.45 x 106 9.17 106 kp

C12 3.303 I 106 3.203 x 106 klA

Table 2. Condititoing Dependent Macerial Properties

RESULTS AiN DISCUSSION

Figs. 3 and 4 exhibit the itresees ox(z.t) and oy(a,L) due to moisture sorp-
t,,n at 98t R.H. these figures provide comparisons betveen conditioning at 3396K

kJjihed lines) and at 355K (solid lines) and demonstrate the "competition" be-
tween the effects of moisture and temperature as stress indutLIg agents on one band
.nd stress-relaxing parameters on the other hand.

ZICMI VCW ZKOO)

05 1106a

I. I00 M.

I -j mlwM'

1034 0 104 1034 0 10.34 10.4U
@InPa) O(PIPI *EAPW

(us"1 IKS 1 (KIWI

Z(CM) Z(CM) ZICI)

',".IOOOO v.I * "

IKS.' IKS'I IKV
I
1

Fig. 3. The Viecovlasttr Stresse ax Vs. The Spatial Coordinate a at Various
t for 102/90,1. laji'. Af (z - 0 ta Symmetry Plane) Due to Moisture Condition-

-ig at 98? R.H. at 355"1 ( Olid Lines) and 339'1 (Dashed Lines). a in Ots (ksi in
ret he a .
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MAIM) Zt.IM

4 .0 6. ".
I 

I

10,34 0 Q4 10.o34 0 104 104 0 10...4
@ln.Pe OI"'PI) @1 lh

IK',!K#, Wall
ZICMI

AFig. 4 The Visoelestic Streses a Vs. The
Spatial Coo.rdnate t at Various Times t fir
10219021. Laminste (z - 0 i Symmetry Plane) Due to
Moieture Conditioning at 981 N.M. at 3 K (Solid

Lines) and 3391 ()ashed Lines). a in ae (Met in
Prens.heses).

10134 0 10.54

,& ppreciate tht total effect if condittoning, consider the stresses o at
each c iV.tMinning temperature (Fig. 4). During the early stages of conditioningh

- I nute, or which there ha. been b it inimal added SOleture, the stres pro-
iles reflect the di e nce betweeo the ts.. c lditoning temperatures. Holoever,

As condttuoning progresses, may up to 1OOu minutes, the dependence of moisture
sorption and the stress relation on the conditioning temperature becomes promi-
nent. At this stage, there is noticeably more moisture sorption at 355* that at
339 K as is evident by the iarger compressive stresses In the transverse directtof
of the outer ply. Yet. at the outer surface Af the laminate, where the boundaries
we epoed to the amblen conditioning moisture level throughout the entire 1000
:lure:so of th .:onditioning stage, the compressive streses@ are about 17 percent
.'er fot the conditioning eaviro.nent of 355'K. After 10.000 milutes we note that
the slope@ of the transverse stresses In the outer ply are of opposite sips. This
znttast ts attributed to the enhanced relreActon at 353*X. Finally. upon reebl
n i .eltt + saturation (, 22 diy3 at 355'X, Ard 43 days at 339 "), the stress profile
to bth the longirudinal and tranaerge direction. is nearly uniform across the
thiknePs; yet. 1he faot that the stress magnitudes are similar is purely
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coincidental.

The final cool-down to room temperature of 297'K supeTmoses additional
stresses on the lalnate. Mowever, since conditioninig at a lower temperature cor-
responds to a smeller stress increment, the stresses due to conditioning at 339"1
at* lover than those stresses resulting fron conditioning at 355'K. Note also that
the locatlons of tensile and compressive stresses are reversed.

For comparative purposes, the elastic and viscoelastic stresses are presented
in Pig. 5 for conditioning at 355*K.

The figure shovs that by discarding time-dependent response and overlookimg
stres relaxation the elastic analysis predicts stresses which differ from the
wvdcoelaeitc results t sign and overestimate@ them by three to six fold.
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REluA. THIERMAL STRESSES IN AN 'JNSYMMETRICAL CROSS-PLY
GRAPHITE/EXPOXY LAMINATE

Brian Douglas Harper*
i Weitsman**

'exas .5&M jniversity
cille'ge Stat:_n, -exas

ni)1 Daper ;rese-t- dri exploratory investi.qa- Due to the significant creep of epoxies, esp-
~io 31try'-elojl tsue 5-3? grpie .cial ly in the elevated-temperature range, there

epox, 13Mrn'~es due to cool-down 1 rom their cure exists an opt4.nal cool down path that will minimize
~emce~turn imnasi ~<id cion th sigif - the residual stresses. hsotmlpt sdtr

cance of ti'e-oependent mateill serdvior and the mie fors thoS poxya sytem singer

iotential .jtil'zation of 'his henomenon to reduce miehd suggted by-50 eltsanhj/p yse sn
-esidua) stresses :)y i udicious choice of the mto ugse yWisa
ciol iown process. 'ie analysi, :onsiders the
tire-aependent behoavior ot the material and all Elastic Stress Analysis
alculations employ rpicent data on the therimo-
iscoelastic -esponSe Of tLhe AS- 3502 graphite! The thermoelastic Stress-strain relations for

epoxj s/steni. 'h, vicoelastic analysis is yeni- anyothotropic lamina under plane stress conditions
fied through, curvature measurements of unsyiminc 4r
'-055-Doy Iates 'itr'cated from the AS-3502ar
.,-ohite ePoxyv 11i= rial. - - ijT) i. j = ,2, 6 ( I

2 troctcrIn !l) and the sequel, cis stress, E is
strain, j are stiffnesses, a are coefficients of

re c*'-iQ c, :cnioositC lainnates at temp- of thermal expansion, T is the temperature and -,T
erat.ures above *neir iervice temperature induces the temperature difference.

-e'~lstresses soon cool down jue to the dif- Consider the cross-plIy n0n ny~ti
e'-nce in ter-iial ,xoansion coefficients in the laitesonnfgue1 n n
oncitudinal and rIanSve'-,e directions of thelaitesonnfgue ,

are. :t 'a long teen recognized that the Y
Dresenrcp )i residual stresses greatly affects the
trengtn of compoi' e laminates. For this reason

'he,- has been an inc!easind Interest in develop-
-et Uproved menos determine these stress-

in: -ii-''e tir iagnitudeh.
0
'~oarl *'"rn I i ze an approx imate

s~d 0' i~t'~ ' ne rpsi ija tese in
r 1-1 nate. 7hey concld-

.'"inove 'a, 'emnperature 7

o- d - 'a te,,cv1es exriii11t
'cnce ,,,-c'1asti cnequently there

Vx ts )ofn 1pe in 0 uszif~cati' or an analysis
.,',i: jolers he *me dependence 31 the material

;r-'i ne entire cool down Drocess.
Jo. iss and 4eilsman, used a viscoelastic

and .if 'a predict the -esidual stresses in a
;yniietric -:ss-dl v laminate lue to both temper-. ........
jtLre an,! 7io st~re efects; however no attempt was . . . O l
made ti ve'-i .nee eut experimentally.

2~ape'- or-,entt A method for evaluating Fig. 1 Geett7y of the unsynmitric Cross-ply
the -sdjaa -,tresses in ansymietnical cross-ply Laminated Plate.
laminatp, is ..~s en~lOyS linear viscoelasticity
-rouqhtdut 'he :101 lown stage. insymmnetnic Since In the principal directions a 1 vanishes
aminates a-~ -hosen c)ecause 'heir deformation and there exist no shear stress to norima St srain
,n>-Ivs anti-in stic cjrvatures which are amenable coupling terms, we have
-c eas~rrnient, rlikp the -ase o' ;ynivetric lamin-

atsevsa-al insemet'-c c'oss-co / AS-3502 grao-
'ite epoxy laminates ,ere fatrlCate, and the cur- vxy , xy , xy ,0

vatir-, *easur-l tr er'' 'P scevsi analy- Referring to the individual laminae in Figure
SI__ S1 we can express the stress-strain relations as

ed-jat7loent. -e'an -iienn follows-
*1-oessr seca-nL, & "aterial. Center.

E'iinns'' parftent

,o appear i'i the orToceedings of the 22nd SSD & Materials
forfprer(._e, ,1tjrit,,, Georgjia, April 6-8, 1981.
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f.nerr rscil - '' i F

.,1 a.,:, . s uper~c "'I *s iCiate , -

orie'tat~ar and subsCrlpts L and T denote the prop- p * I)L (TC2
erties in directions parallel and transverse to the Ll' C+ 1 a
fibers respectively. (8)

F~llowinq the assumptions of classical plate Q (CL-Cl2 ) _L(CT-CI4T
theory we can express the strains in terms of the

displacements u v and w and get, Stresses may now be evaluated by incorporating

the results from equations (7) into equations (2).

(3) Viscoelastic Stress Analysis

v- It has been noted that graphite/epoxy compos-
ites exhibit a considerable amount of time depen-
dent mechanical response, especially at elevated

Zenoting miplane trains and Lur~atures in temperatures. This time dependence may be approx-
tre sua: nanner imated by a viscoelastic constitutive relationship

and employed to predict strains and curvatures due
__ _ , , , (4) to cool down from the cure temperature.
x .Although the behaviour of polymeric resins

immediately after cure exhibits dependence on such
-quations (. becowe complicated factors as aging time, Quenching rates

and perhaps on a variety of non-linear effects we
shall assume herein a linear and thermorheological-

- - ZKx  - ZK (5) ly simple (TRS) vlscoelasti behaviour.
S-Y " + Z Data on graphite/epoxy indicate that the

assumption of TRS behavior involves only small
,he mi'riine strains and curvatures in the errors.

,,90 ansrnmet-'cal laminate due to a inifor i temp- Accordingly, tre transient thermal response can
erature change 7 can be letermined by requiring be related by means of a single temperature-depen-
that tfe rPv "Ps. ant forces (N 3nd bending cent function AT I) which is called the "shift-
omir.t '. v'&- act on tre plate must vaniish factor".
i'-"s., - "n the lollowing excresslans The time-dependent portion of the viscoelastic

behavior involves reduced-times, which are denoted
A/-h.,in tne sequel by Fit, and _)T), where

- 9lt _ds c(r) f ds

_ f() A T[T(s)] AT[T(s)]
0

N -=l " dZ - (d

J y .J V The viscoelastic counterparts of the elastic
0 ,5) expressions (2) are:

13 4

eooaO 1 Pu oiosl 7'. ,,and we -et- [LL) - i.C 2[-t - .-)]]
d- hl ttal

L L



/ ~ ~ d d , where. in (12), DC (t) -~~J [()-~),and
:1~~; ~ j~ Q (t) -7(T)] are obtained from D. P and Q in (8)

P J. (r) with mioduii C.. replaced by C £F,(t)- (T)].
~~~ 1~t - ()J.- j i jI

In the AS-3502 graphite/epoxy system used in
rthis work. the only compliance which exhibits sign-

- LCl?()-r(l ificant time 9 ependent behaviour is the transverseL 12 L tompliance ST . The time dependent transverse corn-
pliance S_,. tan be expressed by a "Power law" equa-

j 11") of t~ie finns

t4 ~~~'t r2j'2 D) In [ t. q tn1~t ~ (13)

(t) ano a (t). respe~tivel1., p ntercmanginq .nere t is time, and D q and T. are material con-
4e rlesof' an n (01.statS.Furthermore. t4i shift-factor is given by6

In *me~ -ase of thermolrheologicallv simple be- A T(T) -exp(-T/A +8) (14)
navior we can obtain viscoelastic solutions from
the results tD analogous elasticity, problems by weeTi h eprtr ndgesKli n
means of the so-called correspondence principle, wher 3 isre temealcntran dgessev. n
The principle remains valid if a' any qive time the and c 3a eqati onstants.1) onan tif

temertue s satirleo io r , i ntorcseti nesses rather than compliances it is necessary tocordition isaife oa-lr ntdegree of invert the compliance matrix to obtain the time
3rccrac4 Jce lo'he ni0 rlh mer-al Conductivity of dependent stiffnesses. Performing this inversion
4rac'>*?, ecoxo iacI"ates

:,- 'i's aoer we nall emoY tnet correspon- we get S()S-
lence :r~nci[,! in -on unction with an approximate Srt L 1l2
tecnniuue for (lie inrversion of the Laplace- L~t -E~ i. , CT (t) = 0,t C12(t) - t
transforried ?'.astic'ty solution. Applied together (15)
those nrlncire and tecnniqije combine to yield
the Quasi-elatic mnethod.' Accordingly, the where (t) -S S(t) - S 2

viscoelastic response function to a unit input is L T 12
approximate,( :) an elasticity solution in which all
elastic constans are replacedo y the corresponding
reduced-time lepenoent properties. Once this unit
response function 's obtained, the response to any
general irput iay -e obtained by means of the con- in order to perform the computations indicated
volut~on l'Ieqral ii (12) we discretlze the time domain into portions

'ns~~'t ,we obtain. th i wn xrs t between t 0 and the current value t. Consider
pone,-idv! in" strains ird for example the convolution integral,

dSi _ ) d,. (6

-enoting t, inrd t = t~ (16) reduces to

d-

d,

1~'d(11)- C~k-03 F((tj4 1) -(tk)J

If -'optimal 7ime-Temperature Path

iLrI ~ Reverting to compliances in place of stiff-
('-'.*) ~ messes in (71 and employing the quasi-elastic

approximate method we obtain the following[ ~, expression



hKX ~t ,,.. - .1) -'- ( and the discretizatlon of tinto increments .,t
0 d yieldsf

ini 1i) Aj(Tf)

6[2 i Sit ) - T

6St) L L - st)ST(t) - -S-(-L - A(tf - Tt) IT + ) ATf)F0
S t + 14 S T(t)1' (oTtf)A'(Tf)
S(t) + l

4
S.ST(t) 4 St - 16SI 19) With both Tf and T(tf - t) known we extra-

polate (21) back to t 
= 
t4  2.t to determine

Tt -,t). Continued exprapolation of (21(
A!o T , oack to t . o yields a value of T(o) that will

genera I ly be different from T, determined by (20).
If T(i -. T, a new guess value of Tf is selected

here T, :s the str ,-e refe'rence temperature less than the original Tf and vice versa.

The residual stresses in an elastic material This iteration is continued until a vdlue of
depend strictly on the temperature difference .T, is found which gives T(O) T. to some desired
and not the time-temperature oath employed to atcuracy.
achieve that lenioerature i!i'erence. A viscoelast- The value of T thus determined will generally
ic material, ,iowever, 'las irne dependent materisl be different from the room temperature, which there-
properties which .e -Iroiqlv affected by temper- by determines the discontinuity in the optimal time-
ature. Since the rela~ation of residual stresses temperature path at time t - t .
are enhanced at elevated temperatures, there exists
,n optimal cool down path Tt) which minimizes the
roeidual stress. Summary of Material Parameters"

With prescribed i'itial 1elevated
1
remoerature

1 ina. temoerat,,re ': and zoolinq time tf a sol-
ution ror the optiimal oat' Tt) can be obtained for The properties of the AS-35-2 graphite/epoxy

wiide class of 'unctions F(t) in IS3). We take system used in this study are presented in Table I.

to be cure temperature, at which the laminate 6
is assumed stress free, and TF as the room temper- Table 1. Material Properties

ature.
The ootimal rath -(t, whi-n minimizes the cur-

iature K can be derived by a method developed by Parameter Symbol Magnitude
Weitsman 3

.
Accordingly, it can be shown that this optimal

oath contains discontinuities at t - 0 and t * tf COMPLIANCE
The first temPeratiri. rop, f rom . t, To, is deter- Longitudinal S .552
ntd trom the n nn aeuation "Cross Effect" S - .160t -anscondvnta Transverse ST' 6.12

TCOEFFICIENT 
OF

(20 THERMAL EXPANSION
Longitudinal - 27
Transverse LT 21.8

' , e.xponential tepfrerature Shitt actor EMPERATURE SHIFT
' nc'cn as in eo,aticn .14), equation (:0O re- T EACT TR FUNCTIONlu~:es o To - -, : ATRFNTO

In the -lme interval between 'he initial and Equation (14) A 6.0
f~nal Jiscontinuities it was shuwn that the ortimai B 49.7
path T r) iS 1vre y te e u tn

t is overnd n the ouatin TIME DEPENDENT
TRANSV. COMPLIANCE

t) -T(t)] Equation (13) t .222
r ! IA ,LTt] or 0< log t _ 5.8 .D .618

.1 t21 i'7 t I .00667
'21F for u < log t < 8.4 Dl7 .506

In,; I i rid) a t de i a ti v Iq.0217S i... *n,; ,1' r s 'ndiCt derivatives with Log t < 8.4 D .305
"psoec t 1 h;rumeni --1q! .048

,,j y itert nriuqh he- omclvment of (21).
J'viii " ( he "I e 'erino ', into i equal sub- -

-te,-vls At the -e'a'ior on (21' may be carried 'n Table 1, all compljiances are in 0" psi
"

.Out Ov S.,' ,inq ai "Jess value T(tf) denoted by Tf A is iin 'K, DI is in 1 0 -b Psi 1 
min.-q and TO t.,e" at l ivuatiin .,'Ilyes in minutes.

. To check the fabrication process of our speci-
(22), mens we determinet experimentally the values of EL.

f" as well as .uit Our modoli were slightly
hiqher than those recorded jn literature. We alsofound .U It - 233.5 ksi ,t - 5.89 ksl as com-

pared tb 218.4 ksl and 6.31 ksl, respectively.



Experimental Determination of Curvatures

Unsymmetric 0O2/902 6" square plates were made

from AS-3502 graph te/epoxy material. These spe-
cific dimensions were selected in order to obtain
thermal strains and consequent out-of-plane deflec- o 0 \
tions which were sufficiently large for ease of
measurement, and yet small enough relative to the
plate thickness to maintain the validity of 'he
Ainematic assumptions of classical plate theory. ,oc\

Twenty such panels were manufactured and
mtasured. These panels were divided among five
groups, each group andergoing its own cool down
history from cure temperature to room temperature. 01
These time-temperature histories are shown in B C 0 E
Figures 2 and 3.iNote that in Fig. 3 the time is
given in hours, while in Fig. 2, which shows the
fast cooling-path 'A", the time is in minutes.) , ,2 24

Upon cool down the curvatures of the plates 'me (hours)
were determined by securing the plate-specimens
to three fixed supports which defined a reference
plane. The deflections ol the plates relative to Figure 3. Cool-Down Paths "B" thru "E"
tnis reference plane were 'hen measured using dial
gauges.

ew if the ast two nf equations 14) we The locations of the points where w was measur-
ha .e ed on the surface of the plate are shown in Fig. 4,

where all distances are in inches.

Y

w-k \ (24)
*)-250 (025) 12 52 )O

The measured values of , thus enable use to 3 *(o 5) * .1 1s131
calculate K and K . The curvatures were cal-
culated bct with 4nd without the assumption that

K = -K.

150i 0 150) 21 2 50)

40C' 
3 115 - 1 StO 151 3115 .151

0 25 25, 010-25) 215"25)0

. 3 )- 3*

Figure 4. Location of Points where
'00 Deflections were Measured

_ _,iComputations

5 i

Tme innuiesi The computations performed in this study were
aimed at two purposes:

1. To compare experimentally determined cur-

Figure 2. Cool Down Path "A" vatures to those predicted by (12) employ-
ing the paths A-E shown in Figs. 2 and 3.



2. To determine the optimal time-temperature :n Table 2 there seems to be no obvious re-
paths that will minimize the curvatures 'jtn

l 
between the cool down time and the number

for coolinq times of 50, 100, and 200 if Cracks obtained. This is most apparent by ob-
minutes. servinq that the samples In the 12 hour cool down

4ll calculations employed the material prop- path 0 contain, on the average, more cracks than
erties for the AS-3502 graphite/epoxy system. the samples in the 4 hour cool down path B.

it is quite possible that the cracks were

Results caused by the fabrication procedure. When a
sample is layed up, a cork dam Is placed around
it to keep the resin from flowing when it is in a

in order to assess reproducibility and data nearly liquid state immediately prior to cure.
scatter several plates were cooled down along the It wda notlced that the samples in cool down pro-
same time-temperature path. 4e therefore had 9 files A, B, D and E cracked when this cork was
samples cooled along path "B", 2 samples along removed from the edge of the samples. Apparently
path "C" and 3 samples in each of the remeining the samples were so close to failure that even
cool-down paths "A", "", and "E", for a total of the small amount of pressure applied in removing
20 samples. the cork sufficed to propagate the cracks. To

Unfortunately, the relatively thick 24 ply, circumvent this factor we placed a teflon sheet
6" square plate presented an unforseen problem. between the cork and the sample when employing
It appears that the thermal excursion from cure to cool down profile C, which allowed these plates to
room temperature gives rise to stresses that are be effectively separated from the cork dam without
close to the transverse strength of the laminas, the formation of any cracks.
thus making them highly susceptiole to fracture. To get a better understanding of the effect of
In fact all of the samples except those cooled the cracks on the observed curvature, cracks were
according to path C contained cracks, purposely induced into one of the uncracked

Table 2 contains the measured curvatures as samples (sample 14) and the subsequent change in
well as a list of the number of cracks detected in curvature was recorded. Table 3 contains the
each samole. The table contains also the theo- number of cracks in sample 14 with the resulting
retical curvature computed according to equation average curvature. Also included is the fraction
(12). In all cases the cracks occurred along of the uncracked curvature measured orginally.
directions paralled to the fibers. The differ- The number of cracks in sample 14 versus the
ence in the magnitude of K and K can be attri- fraction of the uncricked curvature resulting from
ed to the uneven number ofxcracksyin the 0* and those cracks is shown in Fig. 5.
90' plies. Due to this uneveness it was found In order to salvage as much information as
worthwhile to employ the average of K and K possible from the flawed specimens we employed the
(K in Table 2) when making comparisons to t~e results depicted in Fig. 5 to retrace the un-
thloretical curvature, cracked curvature of the specimens in cool-down

It may be noted from Table 2 that the effect profiles A, 8, D and E. These retraced uncracked
of the cracks is to diminish the magnitudes of curvatures are presented in Table 4, where the
the observed curvature to values lower than those theoretical values predicted by equation (12) are
predicted by equation (12). With increasing listed for purpose of comparison.
number of cracks, the discrepancy between observed
and tneoretical curvature is found to increase.
The samples containing few or no cracks (i.e.,
samples 4, 1D, 13 and 14) had average curvatures
4hich were ve 'v close to those predicted by (12).

Table 2. Experimental and Theoretical Curvatures.

K K K K (Theory)
Sample Cool Path No. Cracks - " ..4rl

I A 17 .0218 -.0158 .0188 .0249
2 A 13 .0186 -.0178 .0182 .0252
3 A 13 .0190 -.0218 .0204 .0253

IB 5 .0211 -.0271 .0241 .0250
5 B 10 .0194 -.0236 .0215 .0241
6 B 10 .0209 -.0213 .0211 .0243
7 B 8 .0200 -.0178 .0189 .0241
8 B 7 .0247 -.0164 .0206 .0234
9 B 16 .0221 -.0138 .0179 .0243

10 B 3 .0278 -.0207 .0243 .0247
11 B 12 .0204 -.0218 .0211 .0240
12 B 12 .0151 -.0247 .0199 .0246
13 C j .0274 -.0226 .0250 .0252
14 C 0 .0272 -.0226 .0249 .0256
15 D 13 .0175 -.0208 .0191 .0247
16 0 16 .0183 -.0215 .0199 .0247
17 0 30 .0147 -.0173 .0160 .0241
18 E 8 .0233 -.0202 .0217 .0243
19 E 7 .0237 -.0210 .0223 .0252
20 E 9 .0220 -.0223 .0221 .0249



Table 3. The Ettet ,t Lricks ,n the .urvature ot Specimen 14.

Number of Cracks K A (In- I Fraction of Uncrack, K

0 .0249 1.
3 .0239 .960
5 .0240 .964
7 .0227 .912

.3225 .904
!0 .o2o3 .815
12 .02fo6 .827
14 . )194 .779
It, .017h .707

18 .0111 .'03
22 .0165 .tb3
7 .015t .b27

Table 4. Retraced-Experimental rarvatures and
Theoretical Values

- I
pecimen Predicted K tGn ) Theoteticai K (in-"

*0252 .0250

1Q40o . '252

.323 .025I

.0243 .0243
7 .0248 .0241
1 .0257 .0234
9 .0242 .0243
10 .0261 .0247
11 .0228 .0240
i. .0255 .0246
15 .0239 .0247
16 .0270 .0247
17 .0255 .0241
35 .0240 .0243

.0242 .0252

.3249 .0249

The average of the quantity hKA for each cool down

_---__-__ path is listed in Table 5 together with the corre-
sponding theoretical value of hK.

Very good agreement exists between this average

observed hKA and the theoretically predicted value.
Olscrepancies range between 4% for cool down path----- D and less than 1% for path B. Note the general

---- agreement with viscoelastic predictions, as compar-
ed with up to 12% departure from the linear-elastic

-2 .. result.

F,qure 5, Fraction of Uncracked Curvature Versus The optimal time-temperature path was calcu-lated for cooling times tf - 50, 100 and 200 min.
using equations (20) and (21) and the iterative

scheme outlined in (23).
7o exclude the effects of variation of pla'e The three optimal time-temperature paths

thickness which occur from sample to sample we calculated are presented in Fig. 6 along with the
consider the dimensionless quantity hK,. re~ulting time-dependent curvature predicted by

(12). Discontinuities occurred at t - 0 and
Equation (12) shows that hK remains constant for t tf, with a nearly linear path during

x
each specified cooling history. tf t 1 0.

Figure 7 presents the optimal curvature versusthe logarithm of the cool-down time tf (tf in

minutes). The elastic curvature calculated using



Table 5. Comparison between Averaged hKA and Theory.

Theoretical hK, (in/in)
P ith Measured ind Adlusted 'ig (in/In)

Viscoelastic Elastic

A .o0167 ± .00004 .00169 .00186
010162 .0001 .00163 .00186
10 t,0 t .0002 .00162 .00186

.O0167 .00011 .00160 .0018t
E .00156 .00004 .00159 .0018h

(7), is shown in dashed line. As expected from
viscoelasticity, longer cool-down times yield
greater stress relaxation with a subsequent reduc-

tion of the optimal curvature.

-. Concluding Remarks

- , This paper presented an analysis and experi-
- mental results of the effects of viscoelastic

response of composite laminates during the thermal\coo
S1 cool-down stage. Although we must view the present

data as preliminary, it provides encouraging
evidence that the above-mentioned effects are
detectable by direct measurements. Somewnat

-- ,'inadvertently, the fracture and failure which
persistently occurred in the experiments, indicate

Figure 6. Optimal 7ime-Temperature Paths that the residual thermal stresses are of severe

with Resulting Time Dependent Curvatu-e. magnitudes and must not be ignored in laminate
designs.

Further studies, based upon this paper are
currently in progress.
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A RAPIDLY CONVERGENT SCHEME TO COMPUTE MOISTURE PROFILES

IN COMPOSITE MATERIALS UNDER FLUCTUATING AMBIENT CONDITIONS

by
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Abstract

This paper presents a highly efficient numerical scheme to compute

the moisture distribution in composite materials and adhesive joints

under tie varying ambient relative humidities and temperatures. The

moisture diffusion is assumed to follow Fick's laws. It is shown that by

appropriate switching among the various forms of the analytic solutions,

all involving infinite series, it is possible to attain extremely high

accuracy by means of a meagre number of terms.

An example is provided to illustrate the method.
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BASIC CONSIDERATIONS

Consider a moisture sorption process that is described by the

classical diffusion laws. In the one dimensional case we have

I t 'Ux

to which we must attach initial and boundary conditions.

In (1) m = m(x,t) is moisture content, x is the spatial coordinate,

t is time and D is the coefficient of moisture diffusion.

It has been observed [1] [2] that the equilibrium moisture content

depends on the aibient relative humidity, and we shall also assume that

the boundary conditions are determined by the same quantity. Further-.

more, the moisture diffusivity was found to be most sensitive to tempera-

ture [3] [4] Several empirical relationships were proposed, and we

shall employ

M = Cr, (2)

D(T) = DR exp(A/TR - A/T) (3)

In (2) and (3) M is the equilibrium moisture content, r the

ambient relative humidity, T the temperature, TR the reference temperature

and A, C, ct the material constants.

In accordance with previous analyses [5] [6] we can uncouple the

process of heat diffusion from all other time-dependent material processes,

e.g. moisture-diffusion or stress-relaxation. This simplification is

justified because for all practical temperature fluctuations and geomet,'ical

dimensions the time required to reach thermal equilibrium is several orders

of magnitude shorter than the time-scales for moisture diffusion or for

relaxation response. Consequently, we consider spatially uniform temperature

-2-



profiles, namely T = T(t) as prescribed by the fluctuations in ambient

temperature, when analyzing transient moisture diffusion.

SYMMETRIC EXPOSURE

Consider an infinite plate of thickness 2L. Let - L < x < L and

assume an initial uniform moisture distribution m 0. When the plate is

exposed to an elevated ambient relative humidity the boundary moisture is

given by W, namely m(x = + L, t) =p. Due to the symmetry of the present

problem it suffices to analyze only the region 0 < x < L.

For constant p the moisture content m(x,t) is given by well known

expressions [7] [8] Since we aim at extending those expressions to the

case of fluctuating o(t) and temperature T(t) we choose to represent them

in the following form

m(x,t) - ti, 0 1 (xt) i I(xt) (4)

Th! functions 1 0 (x,t) and I(x,t) take two alternate forms

SC(x,t) 1 - C(x,t)

10 (x,t) = or , I(x,t) or (5)

- E(x,t) E(x,t)

In (5)

C(;,t)= - (-1 )n
l cos(pnx/L) exp(-pn t*) (6)

n=l
and

E(x,t) : (- )n+l rfc + erfc 2n I + x/L (7)

n=1

with p (2n 1) I/2
an .* 2 (8)

and t =Dt/L

-3-



The complementary error function erfc(z) decays rapidly with z.

Its asymptotic value is given by [9] erfc z(/Tz)- exp(-z?)

consequently, for computational precision of O(10) - as obtains in

'ou~lle precision" routines in digital computers - we can set

erfc z 0 for 5.877. In the sequal we shall designate this number

L v

The rapid decay of erfc z implies that series (7) converges

rapidly for short times. On the other hand it is obvious that series

(6) converges rapidly for long times. To achieve computational

efficiency we should therefore switch among the two forms of equations

(N.
16

Straightforward arithmetics yields that accuracy of 0(10- ) is

maintained by the following set of rules

for < t< use i terms in series (1) (9a)

for ( < t < use five terms in series (6) (9b)
92

* _

for t < . use i terms in series (6) (9c)
(2i + 1) (2i - 1)

In (9a) and (9c) i 1, 2, 3, 4. Also Q = 14.93 and X - 5.877.

For t Q the moisture distribution is uniform to within

0 (10- )

It follows from (9a) that we never need more than the four follow-

ing terms in series (7):

erfc 1 - + erfc t - erfc - erfc - ]

It can be noted that the form of expressions (9) remains valid for

any desired accuracy :, except that X and Q depend on L. Obviously for

-4-



a smaller accuracy we require even fewer terms in (6) and (7).

Consider now the case of fluctuating temperatures, T = T(t). In

view of (3) the diffusivity D is now time dependent and the non-dimerlnsional

time t in (8) becomes a complicated function of real-time t. However,

if we consider t, DRt/L at the reference temperature T = TR then in

analogy with thermoviscoelasticity [10] we can replace t with the reduced

non-dimensional time F whenever T = T(t) as follows

* txR /0t

f+ J exp[A/TR - A/T(s)]ds (10)

The moisture distribution under fluctuating tempe,'atures is given

by (4) with t replaced by . In view of the single-valuedness of

, (t it is always possible to convert the results back to real

time t.

Ccnsider next the case of fl UCtLati n, d!,,!,itnt rt, 1 at i ve humidity

r = r(t). By equation (?) this impli s , . (t) and T T(t)

equat ion ) yield , u;ion employmlent of t,' ,rrsimin i rntegral

rt

0 0

Equation ()11 must of course be evaluated numerically.

NO0-SYiETRIC EXPOSUJK

Coisider now an infinite plate of thickness L whose faces .x 0 and x=L

are exposed to different relative humidities which fluctuate independently

of each other. We -till assume that all temperature fluctuations are

spatially unifor, ,vithin the entire plate.

-5-



The solution to differing, but constant boundary conditions

m(o~t) =p' and m(L,t) Li with null initial moisture mkx,o) =o can

be expressed as follows

m(x,t) [ H0(x,t* + WL H L(x't) (12)

with

*S 0(x,t ) * SL(x't )
H,,x,t ) or H HL(x~t )=or (1))

In (13)

S0(x,t) 1-X 2 -si exp(-1 2 I 2 t)

n=1 (14)

S (Xt* X+ 2 cosn';.!. n x 2t)

tl~*) erfc x/L + V'(X't * *-,(~

UJL(x,t erftc + V L(X't) W L (x,t)

The functions V and W in (15) represent the following infinite

series

V"(x,t) erfc (2n~l x/L

\,~ 2/ /

~(x't) > erfc !2jj L)

L -6-



In (12) - (16) t* Ot/ ' and q = n".

Expressions (14) are available in the literature [8], while (15)

is obtained by means of a straightforward Laplace transform and inversion

method.

Maximal efficiency in evaluating H. and HL is again obtained by

switching between their alternate forms given in (13) and detailed in

(14) - (16), because (14) is efficient for long times and (15) is advantageous

for short times. For instance, for an accuracy of 0(10-) we never need

more than foir terms in each of U., UL, S0 and SL as listed in Table I below.

For a lesser accuracy the number of terms is of course smaller.

Rane [Largest Number of Terms in Each Series Total Number

(I~ e rii.V , t~~ S L in (1?)
0 0 0 0 0 0 2

-1  t I 1 1 0 0 0 0 4

-~ * ' ... ._ _... ......
K ! ' rLiiI .  1 I 1 0 0 6

I 2 2 1 1 0 0 8

1 0 0 0 i i 2i

( i 4,-7;,0

Table 1: Number of Terms Required in Various
r'tuncated Series to Attain Accuracy of 0(10

- 1') in
Nnisture Profile (,,,5,877 ,R 

=  16/;r?  log e)

flc t fucujti in '1 undary conditions i 0 (t) and j L (t), arid with varying

temp.,ri tu r i(t) w,- .em 10 y the reduced time given in (I)) and a superposition

irlteg-il 'inalogol' to (1 I) to get
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f t i[
m-×,t I ox:t) - ;(,)] d°d

0

L d

d i I ,

THE NUMERICAL SCHEME

To compute the moisture m(x,t) we divide the time-span of interest tf

into n, not necessarily equal, sub-intervals. These intervals A i  t.i  t

(i 1 1, 2, ...n) with t 0 and t tf should be selected in a manner

that both the ambient moistures Hj (t) and jL(t) as well as the temperature

T(t) are represented to within a satisfactory approximation by the "stair-

case" functions

L L Tt=

it)=i T(t)=T

for (18)

t iI < t tf (i = 1, 2, ....n)

Note that in the symmetric case i =
1) 0

I note pi - exp(A/TR - A/Ti)

then (iO) yields

D DR i

S(tk tk-I gK (i = 1,2, ...n) (19)

k=l

Thei "',

* -4 * R ,-' -<DR r (20)

J, ~ ~ ' I)9

h = , l , . -1 , 1 1 , 2 ,. . n )

* Ohviou ,ly, only o,, a;.)ier;t moisture (t) is involved in
the Syriietric case.
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The integrals (11) and (17) are now represented respectively by the sums

i

m(x,t i ) m0 10 (X,F ) 11j 1j_ - )  I(x,¢iC ) (21)

j~l

and

m(xti) (L -i u_) H. (x,Ci.)

j=l L L * 1 (22)
+ (i P - I ) HL(X, i )I

Expressions (21) arid (22) remain valid for any interrediate time

t. wriere < t i. ti , provided we substitute the value of t. in place

of t. in (I)) and (20) as well as in (21) and (22).

Cornu-;ational efficiency is achieved by switching between the two

alternate forms given in (5) and (13) which is accomplished by testing the

ranges of r. and (,ij according to rules (9a) - (9c) or in Table 1, respect-

ively. Obviously 1i and 7'ij must replace t in equations (9) and in Table 1.

,0,,U>,RI ' CA2 EXAMPI FOR THE SYMMETRIC CASE

To illustrate the method we consider the case of a sixteen ply

5203/TO0O graphite/epoxy laminate with L = 0.04". For this material

DR 1.5019 x 10 in /rin and A = 6340.

The composite laminate was considered to be exposed to fluctuating

ambient :-iative humidity, which is reflected as a fluctuating boundary

moisture i, and to fluctuating temperatures.

Two cases were considered. In the first case both the ambient RH

and temperature fluctuated in phase while in the second situation the

fluctuation was ou uf phase. Specifically, in both cases the ambient

moisture content fluctuated between I% weight-gain and 1/2%. weight-gain

every 5000 minutes. In case 1 the temperature varied from 350°K to 297"K

-9-.



every 5000 minute, while in case 2 the temperature fluctuated between

297'K arid 350"K with the same frequency of 5000 minutes (but out of phase

with the moisture). Case I is shown by solid lines and case 2 is marked

by dashed lin s in Fig. I.

The results, exhibited in Fig. 1., show the variation of moisture

level with time at a station located at x = 0.035".

Note that sharp slopes in m(x,t) vs. t occur during the high-temperature

time intervals. Consequently the in-phase case approaches the saturation

level of m(x,t) 11. Conversely, for the case that peak levels of

T(t) and (t) are out of phase the moisture level at x m 0.035" approaches

0.5';:'. The details are shown by the heavy lines in Fig. 1.

Figure Title:

Moisture Levels at x = 0.035" vs. Time in a 0.08" Thick 5208/T300

Graphite/[poxy Laminate That is Exposed Symmetrically to Two Cases of luctuating

Ambient Relative-Humidity and Temperature.

Case 1: R.H. In-Phase With Temperature

Case : R.H. Out-of-Phase WJith Temperature

-10-
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Abstract

Three-dimensional constitutive equations are derived for viscoelastic compo-

site materials with time-dependent damage. Starting with the assumption that the

material is linearly viscoelastic when the damage is constant and that the damage

CoISLStJ of flaws as characterized by internal displacement discontinuities, we

investigate the effect of time-dependent growth and healing of these flaws on the

global stress-strain equations for materials under transient stresses and tempera-

ture. Prediction of flaw growth itself is then discussed. Some concluding remarks

pertaia to the characterization of nonlinear viscoelastic materials including the

effect of damage.

Introduction

The thermomechanical response of many materials is significantly effected by

the development of micro-Flaws. With viscoelastic materials the current state de-

pends on the history of this damage, and therefore the overall material response

may be much more complex than for elastic materials or for viscoelastic materials

without damage. Another complication results when the previously developed flaw

su-faces rejoin and thereby produce an increase in material stiffness; the inter-

face contact depends on the history of flaw development and global thermomechanical

P,:rticles, fibers, and lamina interfaces usually serve as both micro-flaw

sources (partly as a result of local stress concentrations) and as arrest points

aft, r lo L stable or unstable growth. Therefore, composite materials having a

brittle ')r weak matrix may undergo a considerable amount of global softening prior

t-) overall fracture. Considering the complex microstructure of these materials,

on.e' e:-Ipect that any realistic global constitutive equation which accounts for

damage -ill be extremely involved. However, as shown in this paper, it is possible

to ri,;oru,;y develop explicit, realistic equations by accounting for certain sim-

plit -,1 fe',Itures of many composites, such as a matrix that is relatively soft com-

pared to he reinforc Ing material. The approach followed here is much more general

t ain u d jrevioi;Iv for a particulate composite under uniaxial stress (Schapery,

19 7 4,); but tor uniaxial stress and without rejoining of flaw surfaces the present.

c:tition'; t.ke thle saone form as the earlier ones.
Iaasriiih as the purpose of this paper is to help provide a basis for discussion

at the, r ,p by describing the writer's approach, we shall not attempt here to

review relevant work of other investigators. Instead, it is hoped that the Workshop

will serve this purpose.

*Prepared for presentation at the National Science Foundation Damage Workshop,

Cincinnati, May 4 - 7, 1980



Linear Viscoelastic Constitutive Equations with Damage

Consider an isotropic or anisotropic composite material element. We assume
that it is globally homogeneous with or without damage; i.e. the scale of stress/
strain nonuniformitLes due to any physical source (cracks, voids, particles,
fibers, etc.) is assumed small compared to the size of the material element. We
further assume that the material is linearly viscoelastic except for damage.

Using single index notation for the global or average stresses, ai, and
strains, ci, (Sokolnikoff, 1956), general linear relations between these variables
and a uniform temperature change, AT, may be written in the form of nereditary
integrals,

E =  Isij6j I + I a it i, j = 1.... 6 (1)

where the braces are abreviated notation for a hereditary integral; viz.,

f t - S(t , r) dT (2)

0-

and o repeated index is to he summed over its range. We suppose that E i = oi
AT ( 0 fOr t<O; the lower limit in Eq. (2) is 0- rather than 0 in order to allow
tor step-function inputs at t = 0. Each quantity Si = Sij(tT) is a "creep com-
pliance," which is equal to the strain -i at time t Aue to a unit value of stress
oj applied at time T. Similarly, the thermal coefficient a i = ai(t,t) is also a
creep compliance since it is the strain ci at t due to a unit value of AT applied
at T. If all of these compliances are funtions of the time difference t - [,
instead of t and r separately, the material is said to be "nonaging;" otherwise
"aging" exists. This aging may be the result of one or more processes, including
chem ica reaction; t. However, we assume the cumpliances do not depend on stress,
and there ore, damage is not yet included.

The dam3ge to he considered here consists of surfaces of internal displace-
ment diicontinuitics as defined by a set of discrete parameters um(m = 7, 8, .

N). These quantities represent the three components of relative displacement
(opening and sliding) at as many points on adjacent internal surfaces as needed to
occurote.lv represent tht relative movement between all material points which were
toge'ther before the damage occurred. tdl surfaces which develop during the time
ptriod of interest ire to he included. The resultant force acting between a pair
of these points prior to complete separation is denoted by three components fm

This procedure M1 modeling the traction and relative displacement distribu-
tion., along current and future surfaces of displacement discontinuity by dis-
pltcments and forces at discrete material points is, of course, what one would
fo ie, in i ainite element representation of the entire material element. However,
we co not require that the continuum itself be represented in this fashion.
Rather, it is a,sumed only that the continuum is a linear viscoelastic (aging or
onnging) material.

There, is asS;umOd to be a thin layer along the surfaces of flaw prolongation
in which all large strains and nonlinear material behavior exists. This is the
same assumpti,n used by Schaperv (1975) in deriving equations for predicting speed
t individual cracks in linear viscoelastic media. The mechanical and failure
behavier of this thin layer is defined by the N-6 functionals,

f F(u ,t); m,n = 7, .. .N (3)m n

expres ;ing tht forces between adj ent material points at the continuum boundary
on each side of the thin layer of nonlinear, failing material as functions of



displacement history and possibly time (to account for chemical aging, diffusion of

liquid at crack faces, etc.). In predicting global mechanical behavior we shall

neglect flaw-edge details and simply specify that either a force is zero le.g.a free

crack surface)or else the conjugate relative displacement is zero (e.g. a point in

the continuum ahead of a crack tip). Other, more general cases could be consider-

ed, including friction between crack faces, pressure of fluid in cracks, etc.; but

for now this simplification will be used. Later we shall briefly consider the

effect of subsequent contact between the faces and healing. It is proposed to use

more detailed behavior at each flaw-edge as given by Eq. (3), in order to predict

their iniLtiation and speed.

It should be emphasized that crack growth is contained in the following

analysis as only a special case, and not the only case. Local failure at isolated

individual or groups of points is taken into account. In principle, therefore,

phenomena such as failure of individual fibers in a fibrous composite, groups of

extended polymer chains, and rubber matrix material between near-contact points of

hard particles in a highly-filled rubber can be treated. For example, in the

latter case some of the forces fmwould represent forces acting between particles at

the points of near-contact, and the rubber between any pair of these points would

be chiracterized by one of the functionals in Eq. (3).

Let us now write out different forms of the linear viscoelastic constitutive

L-quations for the continuum by staiting with the generalized form of Eq. (1) in

which gobal strains vi and internal forces fm are expressed as linear functionals

of g4ohal stresses oi, relative displacements um, and temperature change:

F 1 + Isu I + J AT (4a)

f = .Scl +r1 t. S n ,'T m (4b)
Is I j I I Mn II m

h,,en all un are zero th. naterial is h' dcL.filition undamaged and Eq. (1) is re-

covered from Eq. (4a); the compliances Sij and cti in Eq. (4a) are the same as

thse in Eq. (1). Anotler useful form of these relations is

U5 = j j c+ . U - A 'I,,)
1 J 1j1 A I 1

fm =  Ic, ja + Ic JI I -  I Bm T ti, I

In mj 3 Miln m

where Cij defines the fuoc Lionals which are the inverses of those associated with
si ; viz. ,

L i sij Ici 111 h = 1 ... .6(h

h.1i rehLIce to re ltion of the t vpe in En. (26). The remaining kernels n.

et ., obey similar relations; e.g.

-Sin~n sij Cjnn (7)

Thle fun t ions C-. define mechanical behavior in the undamaged state (un 0). They
are called relaxation moduli as they are the stresses due to unit strains applied

at t = I. In general, we shall refer to all kernels or material functions in
Eq. (5) as; relaxation functions.

Next, we ,hall order the forces fm such that m increases with increasing time

of local taiiire, where the time of local failure Is defined to be the time at



which fm first vanishes when um # 0. Inasmuch as both normal and shearing forces

are included in the set fm and failure may occur at more than one point at a given

time, the number of discrete failure times will be less than the number of nodal

points.

With this in mind, suppose that tK(K = 1, 2, ...) is the Kth distinct failure

time, where f7 = f8 = -.- fk = 0, and all material points corresponding to k + 1,

k+2, ... N have not yet failed. As discussed previously, we shall predict global

response by neglecting the effect of a partial local failure (fm, Um # 0).

Write out Eq. (4) for this state at t = tK:

= Isifa1 + Sipup + (8)

0 = is qj&jI + S qpUp + , ATq (9)

qJ Sqpp q

f r r~ + ~Spi + icrf (10)

where

p, q = 7, 8, ... k
(11)

r =k + , k + 2, ... N

Equation (9) provides a set of k - 6 equations from which the k - 6 values of up

may be found. Substitution of these displacements into Eq. (8) then yields the

desired global constitutive equations for the damaged material.
In order to obtain some explicit results we shall introduce a certain

simplifiation which is applicable to man' composite and monolithic materials;

this point will be argued following the analysis. Referring to Eq. (5), we assume

that all relaxation functions are proportional to a single relaxation modulus,

E F(t,T), for uniaxial loading (say),

Cab ab ER a i E (12)

where a, b 1 1, 2, ... N, and ER ER(t R , 1R); the modulus ER is a constant (the

odUILus at reference times tR, 'R) which is introduced so that the dimensions of

the constants Cab and 3' will be the same as the original relaxation functions.

Suh'titte Eq. (12) into Eq. (5) and obtain a set of equations for an "equivalent"
ela. ;t c material,

C= K + (uc - T (13a)
I i J j in n i

r e 0
f C°.. - - C ' - °AT (13b)
m m' j m1 i m

E R jI E.j I uC n I Fu 1 t F A'F (14)R_ ER Un r R

After replacing all strains, displacoments, and temperature change in

Eqs. (4) and (8-10) by the corresponding quantities in Eq. (14) only constant com-
pliar ces remain (because Lqs. (4) and (8)-(1()) characterize the same material

element as Eq. (13)). Obvicusly. Eqs. (8)-(10) become



e = s.o + U e + aOATe (15a)
1 1J j ip p i

0 = SqjCF + S0 ue + a°ATe (I5b)
qp p q

f = S° .o . + so ue + O°ATe (15c)

r rj J rp p r

where

[=j C j o- . o. CO ao so Bo
iJ L i in Sijjn ii jj

(16)
S. = CO so = Co S° + Co o'. = CmiCLa o

mj mi ij ' mn mi in ' m mi i m

and recall that

i,j 1 , .. , 6; m,n = 7, ... , N; p,q =  7, ... , k; r=k+1, ... , N.

The relative displacements tollow from Eq. (15b) and the definition [T°q]=[S-q]',

uo . To oATP (17)
P pq qj j pq q

and substitution into Eq. (15a) yields the desired constitutive equations at the

t ime t - tK:

e =s + AS)o. + 0a + Aai'rTe  (18)iij + ( i

where AS.. - S°. ° 5. , Aa. P - So T' a' (19)iJ Ap pq qj I 1p pq q

As there normally will he a large number of points of local failure, it is
desirable to express Eq. (18) in terms of distribution functions for ASij. Thus,
1 ,t

(S, tf) dSdtf and n. (S, tf) dSdtf

b the number of material points which contribute :o AS. and ai (respectively) an
amount between S and S + dS when the local failure time Is between tf and tf + dtf.
Hence, at the current time t,

AS.. f n j (S, t f )SdSdtf (20a)
" 0

Ac. / J n (S' t f)SdSdt (20b)

Equ.it i,,i (18) can now he written as



it

+ F (tI 1tf) o + °i0 + F (t )dtfAT (21)C i = S j f ij i f f

where new distribution functions have been introduced,

Fij(tf) f nij (S, tf)SdS (22a)

Fi(tf) f ni(S, tf)SdS (22b)

Recall that e and ATc hive been defined in Eq. (14); explicitly,

e I f t  ari

i E E E(t, T) @T d (23a)

AT0  1 - E(t, T) T dT (23b)

R C)

whece ER -i the modulus at arbitrarily ;elccted reference times tR and TR. It is
v,,rv intcrest ing to observe that the C(nstitutive equations (4) and (5) for a
vis oelitic material with damage hIVe, is a direct result of Eq. (12), reduced to

tho -e for ai linear elastic materiil wi ti t ine-de-pendent properties; but the strain
1!! t,,lipet ILure, histo fries are in gene ri dif Corent from the actual ones.

1_-tH , of Fla, l ,sirLj and HeAling'. Equiation (21) is based on the assumption that
thc !,t-L-es Em are zero up to thu current tim,, after local failure at the associated
%Itceri'll point occurs. However, in many cases this will not be true, as with load

i and/or the ipplication of a large external pressure. For the latter
,int,,rficial norma l and sheair s;tresses may esist. If the forces fq where

t o icurs are known, we can read ily , ,rrect Eq. (18) tor them. Referring to
0. 51) , we see that they will he accounted for if the associated a' in Eq. (19)oq

a, rplaced by at -- (f11 /Arc). On the other hand, the flaw closure upon unloading

wilI produce contact forces wh ich depend on loading and temperature history. Also,
L I ta, rld\ again Je iptble of support ing tensile forces if rebonding occurs.
II 01

i i !Ittr csc the time at whi,_h contact is establ ished may be appreciably
ii the intermulecul:ir forces of attraction if they are sufficiently large;

i,',,d, t he c l,-;in.k, rate is governed hv ain egtoat ion that is analogous to that for

r, E rwLh (Schaperv, 9/'i C
In otrder to decil with this problem involving interfacial contact and possible

h,el ijg l4t us; start with the linear constitutive equations in the form,

Sjn r1T} (24a)

S = S f ± + {CAT (24b)m 'm- i ^n i



lte matterial functions are different from those in.Fq. (4); of course, they can be
ex\Pressed in terms of the latter ones. Note that S and aj define global mechani-

c-ii response for the maximum amount of damage (all fm = 0) , whereas Sjij and x
define response without damage (all urn= 0). Let us again introduce the simplifi-
c-ation given in Eq. (12). However, rather than using modified strains and
temperature, we shall apply an equivalent modification to the stresses and forces.
Firs;t, dletine the mechanical creep compliance D =D(t , T) for uniaxial loading by

F_ = 1(EFD) (25)

ln~i ,flukll a, 1) and E are independent of strain history, we can use in Eq. (25) the
unit-stop strain history E = H(t - 'I.), where H (t - T.) vanishes when t < T,, and

i in .whcn t - Eqiaat Lon (25) reduc es to Lit! integralI equat ion,

H(t -t) J D(t , T) ,-[E(, T.) dTI (26)

Jilt I -. r 1 unit is -i., rathe r than T0 ; the rolaxation modulus E (T, T.) is d iscon-

-, =~ ,, and therefore the contribtit ion from the singularity in ;E/aT
c~t~ InlILedtd. For a nonaging materi.Al [F = E(t -,T) , and Eq. (26) may be easily

1, 1 ra n:; i o r mtd,

1 2 D FK (27)

Et tit eIverhar donotes a Ilap lire trans eorri and s is the transform parameter.
Net , de t i tic

(A, (2) , and( (,)S) jripI I redun es to the equations for7 an eqUiva-
lnt Lastimaterial,

F S + I 1A-,(9a

S s f 4- 
0

.~t(29b)
Iiil rin 11 m

in. d x"I (i tIh a, h I.......) ire cons, tan t,

R ~-. R(30)
11 S a h I Ca

li1j,'.',oh variables willI -si rp I it,,, the subsequent rontact analysis,:.

11I.,,. r, it is firs-,t of interest to consider an impl ication of Eq. (29a) when re-
t t n i A ter Im.- o f *AT"_ Oj , and fn. Fo r a stato of constant damage (as
I d i Hk t I e pa rt i uar .t o rf ~n whidh vanish) Eqs. (29a) and (21) must be in

a j' i t rne att re~gard less of whether or not the mechaInical car iobl s are constant in

time 
+ II

ii-4 j (t t)dt f 0
= ± fd (t f )dt f(31)



wh'- tis the time at which the constant damage state is first reached.
Now, suppose that it constant damage state is maintained for a period of time

which is long enough tor the xalues of fe in Eq. (28) to essentially vanish; the
st rc s history need not be constant during this time.

The quantity {Df} can be interpreted as the mechanical strain due to a
uniaxial stress history j f (t) for an undamaged specimen; therefore, the
behav ior of {Dfm} when fn =0 is the same as the time-dependence of strain in a
so-cailte recovery period. Consequently, it is necessary to assume chat the
material element under consideration is such that the strain due to stress
eventually approaches zero after stress is removed; a crosslinked polymer under
colli tant or increasing temperature exhihit,, such behavior. If this condition is
not met, then the long-time value of fe (assuming it exists) should be subtracted

nn

l ot it- further assuime that uim =0 at all points where conLact occurs; i.e.,
ni,itc i at points on adaetsurfaces airc aistimed to rejoin with the same points as
h. ire local failure. Ini this case, the prohien is completely analogous to the
problem of damage growth, in which the roles of fe and te are interchanged (cf.
Eq-;. (15) and (29). Of course the order in which local failure occurs is not
n<>ctssar ily the samte as that for lociil cont_,ct ; it is not necessarv to reorder f n

md un to reflect this; hehiv ir. Equat ion (-9b) can he so]lved for all f" where
,ontct occurs since the uu ore zero. It des ired, one Could then solve the inte-

equation in Eq. (28) for tihe contact force histor, fn =fn(t), using the
cv ojs vderived f

in icao m ;~vc onsdert insthe r t ing const itutive equat ions will
ii itc,, i ane f o rm t ose in 2s (1) -(2 3)

-~ F (t ~ r~ )dt AT (32)

i.dilt ribt a7 xt iOuns

F. ( jt ni (S' t c)SiS (33a)

i (ti )nf 1 t c)sdS (33b)

11 lJhdt ind n. (S' t (7)dsrit (34)

0I2t o ~r ;;n a"lt !I; -entt:ihnte tO and Arx (respect ively)
P at Vtween SIn'! S + d' when tilt, '' "il contact tine is between t. and t

)n I r_ i %'t Eiai-t ir ir; -. i it _Comh i ned _Dana5 ~e (;i-ow-th and Flaow Contac t/Heal ing. Both
ue I t e 1j it is fr , anami k, growr t, Eq. (2 1) ait subs equLen t rej o in ing o f f law

ci~~ ti-,E.(2 a ti neod ii t he f oIlIow ing s et:



DO T r L' t, )a.(T)JDR ATI-i

+ -1 ft D)(t, T) A [aT (t T)ATe(T)] 17 (35)
DR f~

wh er e

ST. (t , T S + f T F..(t) +f F (t )dt (36a)

1 X (t, I) c+ fTFi( t Idt f + J Fit c)dt c(36b)
0 0

1 a the developme-nt of the, theory, rho, diis tr ibu tion functions in Eq . (13h) ,:ere

as mdto Van ish at Ceor tain t imes , depend ing on whether or not there was tlaw

1 Contact or too damlagle wan (Muistant . However, Nq. (15) 'isv' have more

o eAl pi i,ohil itv. It init,rnal f,iiltrris a nd contai.t oc' or s-imultaneousl;y at

iirot point n, tind thero in; tiot ,i gn I i twi nt ,tri. t i )etit5Oi'I l w prc o,es,

W~e have niot vot d iscuso;ed tho ate'- pzopt' of thevr r>o x-

Lion arid compliancAe fuac ions Wi Kh arpi-o thO;zit a n v s A-'1oig te

W1 110 n! heI is;ted hert it iS Ot i 11t L' we S'11: the mt kr-id I is

I itteari-i visc-oelast ic fora fixed amount ot i'itnc and nonequiii hrium

lqh,). Fot vxpo v--i \"t' c 1 " I in ite . Nor- verti

(I;7i in' !m th notiNil a q %i q clt I' hp asilIv iWtro-

aI .il X'tr.t mn'l 1n 1 and ai r Ii rcc tl t frum i nea r

1 t t t heo r. A .o t itrou1 '1 th It,, 1 1 t' " II: c c o n tact e ftf0,7t in

F, i r ma Lteri s ymme t rv can c hia n t,, or \irip I KuL it td a .a ge theit

1it; 1, 'e h'-, i oo c (,is chIitr ic t o'r i''d h)v atw I , iows d ev tIo p into

u)'tterl (c .,o n dra v .0 p~rnKu I crmAks, so to produice an ortho-

trp r"teria" s", thre distri ''Mi n J t Lons Qn It. (0i) WU
t possess the sony

trin-r: 111.t. tor propetl t i(?- i-. I ir'eir e'1 isti nuduji of -'rth,'tropic materials.

Th oft'ot "t rc'jn itlit ,it meclhiical propert - is in -ided in the present

t Cv 1or exaile ii ionst.-at or tti tteniperatcitcs the aging tctm't o the

viri u, material fun ctions (K g. nt, 1)), permits ul to introduce th-rmnorfleolngi-~

rH;>.mplo ehavin I 1 a other to ri involved -'ehavior (e.g. Schapery,

I 1 ii 'np i s.eP thctjrig in iitc I i ico -f Pit. ).
A ho t inoi I rn t r in thin secti~l !K 1 - r 7; 'r tire basis fot !t.c. (I-.

t,'rm' c'ompnilc mwitnial cnsi~t Ks Nevf lastic phase. Further-

:ronp'eIthat- this hise j.;Irotrp 1, i ; i t iewist consta-nt Poisson's-

rots' i n iii th''r-nil t'xp inn itin coeft icient il r i ' I td assump: icn for iv

mit ii oa'' 9'~.Thti other pu-. . . .. d to hn, either tanativoly,

I tr t ilesI., and (r'lck-. r Ic r,. 1 calltI I' ,th iheI Cdirectly

1 t t r *''I notIni i "'tjs)rvy to in': t oii - t a c as .unpt ion that thir

M, hr1 turtir - i 11t ir a h , Km I I) t tnt he ,Id tie , tlit
On= I Ailint r ord inglv t thAt i t not inr~ tt ho ax il" tor,-, i n t he

Stre
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Stochastic Models of Microcracking and Failure

The constitutive relations, Eq. (35), are expressed in terms of distribution
functions for the time-dependent number of local failure and interfacial contact
sites. These functions in turn depend on the stress and temperature histories, and
in this section we shall briefly review the writer's approach to the prediction of
this dependence as well as the prediction of global failure.

Analysis of Microcracking. First, it is noted that in principle the failure and
contact processes can be predicted from Eqs. (13) for the continuum (or the more
general set, Eq. (5)), together with local constitutive equations for the material
at the failure sites. However, considerable simplification is needed for real
materials considering their highly complex microstructure. We treated this prob-
lem for local failure in past work (Schapery, 1974 a, c) by applying viscoelastic
crack growth theory to isolated preexisting flaws; based on experimental data,
crack speed was assumed to obey a power law in the local stress intensity factor
for the opening mode of growth. Typically, these initial flaws are predicted to
become unstable with very little growth. Therefore, their influence on global
response was neglected until the time of instability (local failure). The global
softening effect was taken into account after an assumed period of rapid growth and
arrest. The analysis, including consideration of the statistical distribution of
initial flaw sizes, microstructure geometry, etc., results in the prediction that
global softening functions (such as F.. and F ) depend on only the current Lebesgue
norm of stress. With later consideration of mixed-mode growth and growth-
retardation effects due to large strains, a generalized damage parameter was pro-
posed for isotropic media under global proportional loading (Schapery, 1978),

t
Lf M W(t') a dt' (37)

0

where q and p are positive (and typically >>l). W(t) is a positive function of time
through dependence on local fracture energy, temperature-dependent material param-
eters, chemical aging, etc. The stress a and strain c are global variables. The
use of total strain was based on solid propellant data, although other Integrand
variables (e.g. strain due to damage) may be more appropriate for different materi-
als; but use of a function of L itself as a factor in the integrand has no essen-
tial effect on Eq. (21) because Eq. (37) can then be solved explicitly for Lf, and
the resulting effect 1s identical to that without the factor.

Considerable simplification results if the distribution functions in Eq. (36)
depend on time through a single parameter, such as L of course, for general load-
ing conditions one would have to use at least suitably defined stress and strain

invariants instead of a and E. In this event, and assuming contact effects can be
characterized using an analogous parameter Lc (but with values of p and q different
from those in Eq. (37))Eq. (36) becomes

T (t T[L t) Lf(T
Sii 'ij ILc f

T (, (t), Lf(T (38)i (t IL) f Ii c

where T.. and TI are to be interpreted as material functions of Lf and L . These
function may be found using experimental results from mechanical tests; cBeckwith
(1974) demonstrates this in which a one-dimensional, isothermal version of Eq. (35)



with damage only (Schapery 1974a) is employed using results from multiple-step creep
and recovery tests.

A similar one-dimensional case of Eq. (35), together with a damage parameter
similar to Eq. (37), was recently used by Schapery (1979) to characterize and pre-
dict the behavior of solid propellant with non-decreasing strain input under
isothermal and nonisothermal conditions. Specifically, the stress is

S= a o/Td  (39)

where 0 is the linear viscoelastic stress a = {E(i - aAT)) (without damage), W is
a function of temperature, and Td is a function of the damage parameter Eq. (37);
the strain factor was not restricted to a power law, but this form with p=q=l0 fits
the data quite well. Note that by solving Eq. (39) for strain, the result has the
same form as Eq. (35). A softening function Td consistent with experimental data is

CLf/q

Td = e (40)

where C is a positive constant. Equations (39) and (40) may be used to obtain
stress as an explicit function of strain,

= 1 [1 + CL0 (41)

where

L°  W(t)( 0 /f)q dr' (42)

p/q
in which a >0, and f = f(c) replaces E/. Equation (41) predicts some very inter-
esting types of behavior which have been reported for solid propellant. For example,
with q >> 1, L ° > 0, and CL, >> 1, the stress is practically independent of strain
history. Also, given the s rain history in the form c = c g(t) and p = q, we find
a/cA is independent of E, but the material is nonlinear; this type of behavior has
been reported by Farris i971) for solid propellant at small strains.

Stochastic Model for Global Fracture. If one approximates the global failure of a
composite or monolithic material as being due to the growth of one dominant flaw,
then a relatively simple probabilistic fracture theory results by using the same
type of power law flaw growth model used to develop Eq. (37). The principal result
is expressed by the equation (Schapery, 1974c)

Pf(Oft<tT) = PL (43)

where Pf is the probability of failure, P is the master cumulative distribution
Lfunction for creep-rupture tests or constant amplitude fatigue tests and tT is

the final time of interest. Now, with the condition that one must set L L
(= largest value of L up to the current time) whenever the following equationax

predicts L < L , we use in Eq. (43) the expression



L(t) = log _B" + ckq qdt (44)

with LT E L(tT); also, B1 is a function of material properties and m and k are
constants.

This result can be viewed as an extension of the analysis of Halpin et al.
(1973) to time-dependent stresses and temperatures. The coefficient c is not
necessarily constant; for example, it may depend on strain, damage, tempera-
ture, and complex frequency effects. Special cases of Eq. (43) have met with
some success with solid propellant and fibrous composites; but more study is
needed before its range of validity can be established.

Except for the first term in Eq. (44), which is often negligible, the para-
meters for global fracture, L, and for local damage, Lf, are essentially the
same. This is a direct result of having used for both predictions a crack speed
equation of the form da/dt- q where K is the opening-mode stress intensity
factor. Global fracture is assumed to result from unstable growth of a dominant
crack in the opening mode of deformation. Therefore, one can imagine many
situations in which this model would not apply. Nevertheless, it does provide
a convenient reference case against which more involved behavior can be compa:ed.

Concluding Remarks

So far in this paper we have considered material behavior which is linearly
viscoelastic except for damage. The problem of developing explicit nonlinear
viscoelastic constitutive equations (with constant or varying damage) which are
both realistic and useful is of course much more difficult. However, a study
of actual behavior does reveal certain simplicity which, if introduced in a damage
theory, results in equations which are not much more complicated than Eq. (21) or
(35). Consider, for example, the behavior of carbon-black filled rubber. As a
summary of the findings of several investigators on large strain, uniaxial stress-
strain behavior of rubber, we may write (Nullins, 1969):

C = F(max ) g(o) (45)

where c and a are "engineering" strain and stress, respectively, F reflects the
effect of damage in that it is a function of the maximum value of stress, a ,
(considering the entire history of loading) and g(o) is a nonlinear function of
stress; viscoelastic and healing effects are not included in this expression. The
coefficient F is also a function of the volume fraction of particles, but their
effect on g(u) is very small.

A generalization of Eq. (45) that contains Eq. (39) for viscoelastic
behavior as a special case may be obtained by replacing a in Eq. (39) by g(o).
On the basis of this finding, one is lead to generalize Eq. (35) by proposing the
following three-dimensional constitutive equation for anisotropic or isotropic
materials,

.= D { (46



where c.. and a are suitably defined strain and stress tensors for finite
strain,1and W =1(c.., T, damage) is the Gibbs free energy function for an

elastic material wiH damage. Similar, slightly more involved equations have
been developed in part from nonequilibrium thermodynamics and applied to solid
propellant (Schapery, 1973). However, their range of validity is essentially
unknown as experimental data are still very limited. It would certainly be
helpful to have a good physical model which both predicts the type of simplicity
exemplified by Eq. (45) and is valid for multiaxial stress states. In this
regard, it is of interest to observe that we can derive Eq. (45) for nonlinear
elastic materials by assuming the flaws do not interact and the maximum stress
affects their growth but not the specific process involved in local failure.
Assumption cfadistribution of local strengths or initial flaw sizes would re-
sult in the dependence on maximuml tress, as would the assumption that the
coefficient F is a function of Lf 1q with q where p and W(t') are finite
(cf. Eq. (37)).

Finally, we note that the form of the parameters L in Eq. (37) and L in
Eq. (44), and their dependence on stress are predicted from linear viscoelastic
fracture mechanics theory. Dependence of the integrand on global strain (and/or
parameters defining the global damage state) would be predicted from the linear
theory if the local fracture energy for the material at a crack tip depends on
these quantities. For example, with solid propellant there is a broad distri-
bution of particle sizes, and the material at one crack tip may contain many
much smaller flaws; thus, the damage state of the composite material could be
expected to effect the fracture energy for any single crack. Consistent with
this observation is the fact that crack speed in solid propellant becomes inde-
pendent of strain when the strain exceeds the value at which new vacoules form
(Schapery, 1979); the speed, however, continues to increase rapidly with the
stress intensity factor. The strain may affect not only the local fracture
properties, but also the nonlinear form of the energy available for driving
cracks. This latter case for large applied strains is illustrated by Andrews (1968)
with globally elastic materials and by Brockway and Schapery (1978) with visco-
elastic materials.
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ABSTRACT

A method using a longitudinally split, laminated beam specimen is developed
to obtain delamination fracture toughness as a function of the rate of crack pro-
pagation. First, the relation between energy release rate, applied displacement.
and various laminate parameters is derived using a large displacement, small
strain theory. Experiments employing glass/epoxy composites with axially
oriented fibers and of three different thicknesses at.d a wide range of loading
rates are then described. Although the beam deflections and rotations are very
large, good agreement between measured and predicted beam compliance is
demonstrated. The energy release rate G and crack speed i are shown to obey the
power law G -' P''; essentially the same result is obtained for all three laminate
thicknesses.

INTRODUCTION

P REDICTIONS OF THE useful life for composite material components require a
comprehensive understanding of the material's response to complex load
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Method for Determining the lode I Delamination Fracture Toughness

histories in anticipated service environments with the presence of defects such
as microcracks, voids, and delaminations. Such defects can occur during
manufacturing or may develop in service, causing structural degradation or
failures at stresses well below the strength levels expected for defect free
material. Linear elastic fracture mechanics (LEFM) has been developed to deal
with crack-like defects by relating defect geometry and design stress to a
material response, normally called the fracture toughness. The fracture
toughness of a material is usually characterized by critical eneigy release rate
G, or the critical stress intensity factor K.

In an ideal, monolithic, isotropic material the fracture toughness is in-
dependent of the orientation of the crack plane for a given mode of deforma-
tion at the crack tip, such as the opening mode (Mode I). However, in an
anisotropic composite material, the material response may vary considerably
depending on the plane of fracture and the energy dissipative processes involv-
ed. Work to date for Mode I has indicated KI, values of 15-30 MParm for
center notched tensile specimens of fiber-reinforced plastic laminates [I]; these
compare favorably with aluminum alloys often used in the aircraft industry
which have KI, values of 23-44 MPaf/-m [2).

Growth of interlaminar flaws (delamination) is an important part of the
failure process in many laminates 13,41. Compressive fatigue appears to be an
especially severe type of loading in producing delaminations [5,61; out-of-
plane stresses developed through compressive loading and local buckling
are thought to be the primary cause of such delamination type fractures. These
observations indicate that the delamination fracture toughness may be the
critical toughness parameter for fatigue stressing where in-plane stresses are
compressive.

While considerable effort has been expended to define fracture toughness
for tensile loading of laminates with flaws normal to lamina planes, very little
has been done to better define and understand the delamination fracture
behavior. Apparently, the few studies that have been conducted to
characterize delamination have utilized surface notched specimens (cf. Figure
la) that give a mixed tensile and shear stress state at the delamination crack tip
[3, 7, 81; precluded, therefore, is determination of KI, or G, for the opening
mode of delamination in which only tensile stresses across the crack plane exist
near the crack tip. In order to fully characterize delamination fracture
toughness we believe it is necessary to study the effect of various proportions
of tensile and shearing stresses at the crack tip, including pure tension.

The objective of the investigation described herein has been to develop an
experimental approach with the associated analysis to obtain the fracture
toughness for the opening mode of delamination. An axially-split beam
geometry, Figure lb, was chosen to give essentially pure opening mode frac-
ture. To ,upport the study of thin laminates, nonlinear beam theory was used
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in the analysis. Experimental measurements
were made on a unidirectional glass/epoxy

0) composite (Scotchply) with axially oriented
fibers to verify the analysis and allow deter-
mination of the delar;nation fracture

P toughness of this material. The analytical
approach for elastic behavior is presented in
the next section, followed by a generaliza-

P tion for limited viscoelastic behavior and a
-- description of the experimental program.

(IN The experimental results are then used with
..1_ the theory to characterize analytically the

fracture behavior and check for internal con-
P sistency of the results.

Figure I. Specimens used in The thin, split beam geometry gives rise
delamination fractur, t'ughness to stable crack growth, and therefore is par-
studies: (a) WangiMandell ticularly suited to determine the relation bet-
Specimen; (b) Split laminate

specimen used in our tests. ween slow crack speed and energy release
rate. A portion of our study therefore has

been devoted to characterizing the fracture toughness of a viscoelastic
laminate.

ANALYTICAL PROCEDURES FOR ELASTIC BEHAVIOR

Consider the beam specimen in Figure lb, in which the delamination crack
tip is at the point x = a. The energy release rate associated with a virtual crack
growth of an amount da is, by definition, the mechanical energy that becomes
available at the crack tip per unit area of new surface. In terms of the total
strain energy in an elastic beam, W, this release rate is [91,

I aW (1)
B 8a

where the derivative is evaluated for constant beam tip displacement A. Also,
B is specimen width normal to the page. The value of G at which the crack ac-
tually starts to propogate is the critical energy release rate or fracture
toughness, G.

Evaluation of Equation (1) for our specimen geometry is based on an ap-
proximate analysis in which strain energy is determined for the cantilevered
beam in Figure 2; the relevant parameters are tip displacement, A, beam
length, L, area moment of inertia. 1, and the axial modulus of elasticity, E.
The analysis for a nonlinear beam in terms of these parameters is presented
next. Primary results of the theory are given in dimensionless form in a table
for general use in reducing data.
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Strain Energy in a Nonlinear Beam

LThe strain energy due to bending of a beam of length
-----__--- ;_T L is, according to elementary beam theory,

L pM

f EW,=d (2)

0

Figure 2. Nomenclature
used in nonlinear where M is the local bending moment.
analysis of cantileveredbfat e As a result of the low flexural rigidity of thin com-

beam.

posite specimens, large deflections and rotations may
be present during the test and need to be accounted

for in the analysis. Such a correction to linear beam theory has been made by
Bisshopp and Drucker 1101, in which they allowed for arbitrarily large rota-
tions and bending deflections. A linear stress-strain equation and small strains
were assumed.

The beam nomenclature and geometric relationships are shown in Figure 2,
and the principal results are [10]:

El f2 .(sin - sin+)"d+ (3a)

and

I. [l sin+ d+ (bL 2 E (sin+. - sin+) '  
(3b)

where <. is the angle of the tangent at the loaded end (cf. Figure 2), + is the
angle at intermediate points, P is the load, and the remaining terms were de-
fined previously. After determining the appropriate change of variables and
transformations, Bisshopp and Drucker were able to rearrange Equation (3)
into the form
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E= ] Fk) - F(k, 8.) (4a)

and

A -2 E(k) - E(k. ,) (4b)

where F(k) and E(k) are the complete elliptic integrals of the first and second
kind, respectively; also, FRk, 9,) and E(k, 6,) are the corresponding incomplete
elliptic integrals. The elliptic parameters k and 0, are related to 4o:

k 2(1+ sin+o)0, 6 sin-' 1f2 k) "' (5)
r/2

Notice that Equation (5) implies the results in Equation (4) are functions of on-
ly one parameter, say +.; hence, they are implicitly related with the cor-
respondence presented in the second and third columns in Table I and in
Figure 3.

Table 1. Nonlinear Beam Variables.

40 PL
2  

a A GBL
2  

GB
(deg) M L ifl 2t 2P

Linear 3 , 9 2 .
Theory V 2L 2T V<rV

10 .3530 .1160 .0203 .0613 .1737

20 .7306 .2302 .0817 .2499 .3421

30 1.1626 .3406 .1854 .5814 .5000

40 1.6923 .4455 .3338 1.0880 .6429

50 2.3922 .5437 .5320 1.8330 .7662

60 3.4054 .6340 .7901 2.9502 .8663

70 5.0812 .7167 1.1331 4.7758 .9399

80 8.6787 .7948 1.6486 8.5558 .9856

86 14.9058 .8472 2.2411 14.9293 1.0002

88 20.7282 .8711 2.2600 20.9704 1.0117

90 - 1.0000 -
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Next, the strain energy stored in both cantilevers comprising the split beam
is calculated. Combining the general definition for strain energy W, in a beam,
Equation (2), with the specific results from nonlinear beam analysis given in
[10], one may express the total strain energy W = 2W, in terms of elliptic in-

tegrals as follows:

WL 2IF(k) F(k,0,)1 (6) o -P ly
2Fk ' o 12-Ply

A 16-Ply

E(k) - E(k,8,) + -The)y

F(k) - F(k, 0,) + (k2 (6) " 6

This nondimensional result is presented in
Figure 4 and the fourth column in Table 1.
For comparison, we record also the linear
solutions, 00

0 02 0.4 06 08

PL - A WL 3 A /L
3 L -2E - (" () Figure 3. Nondimensional load.

-if 3 L .2E = 2 L deflection curve for cantilevered

beam. Symbols indicate ex-
Energy Release Rate G for a Nonlinear Beam perimental data from split

The energy release rate as defined in Equation laminate.

(!) can now be evaluated using Equation (6).
However, in keeping with beam nitation, the
length L is osed instead of the symbol "a" to o -,
denote crack length; hence 16 . """

l aw w. 2-
G=(8)B aL -I,,oe 8 /

04-.
Prediction of G may be easily accomplished

by first writing, 00 -2 o 0

A/L
WL

-_ f(A/L) (9) Figure 4. Nondimensional strain
2EI energy for cantilevered beam.

where f = flAIL) is the solid curve in Figure .1. Thus,

laW. E- LfA + A ftAL) (10)
2 L L L L a(A/L)

Next, define S,
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S =_ d (log Jl/d (log (AIL)) (11)

Therefore, from Equations (8) - (11),

G El WL( 1 +5 W ( + S) (12)
BL2  El BL

A rearrangement of Equation (12) yields a nondimensional form of the energy
release rate,

GEL' - Wi-E (I + 5) (13)2EI 2EI

Since both WL/EI and S in Equation (13) are functions of AlL, GBL'/EI is
an implicit function of AlL; it has been evaluated and is presented in Table I
and in Figure 5, Linear theory yields S = 2, and therefore from Equations (7)
and (13),

= _9 (-) (14)
2EI 2 L

which is shown in Figure 5. The last column in

Table I is the ratio of the fifth to the second
column; this ratio, GB/2P, enables the calcula- o -

tion of G without using the flexural rigidity, EL
Suppose that during quasi-static crack

growth, one determines A and L at any given , 6

time in a delamination fracture test. One may 0

then use Figure 5 or Table I to determine G, -I-

directly because G, = G for a slowly growing a

crack. That slow, controlled crack growth can
indeed be achieved with this test is discussed -0 0.2 04 06 08

next. '/L
Figure 5. Nondimensional energy

Stability of the Crack Growth release rate for cantilevered beam.

It is clear that increasing the load or grip displacement for a fixed crack
length will increase the strain energy stored in the specimen. From Figure 4 it is
also apparent that crack extension (increasing L) which occurs at constaIt grip
displacement results in a decrease in the strain energy stored in the specimen,
as shown schematically in Figure 6. As the specimen with fixed crack size L, is
deformed from A, to A, the strain energy obviously increases. The strain

energy release rate also increases as the test goes from a to b (cf. Table 1).
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Suppose at b the critical energy release rate is ex-
ceeded slightly and crack extension for constant A
occurs, changing the crack length from L, to L.
At point c the energy release rate is again insuffi- '
cient to give crack extension, so that further
loading to point d is necessary, which again cor- \
responds to G being slightly larger than the critical .
energy release rate, G,. Crack extension occurs
from L, to L, as one moves along d-c. We may z J L, ,

conclude from these considerations that crack l
growth is stable in a controlled displacement test if __
G does not change with L (or, at least, if it does L L5changeCRACK LENGTH (L)

not decrease rapidly with L).
In an actual test the loading and crack exten- Figure 6. Schematic of strain

sion occur more or less continuously, instead of in energy versus crack length for

steps. Indeed, with negligible kinetic energy constant grip displacement.

(quasi-static loading and slow crack growth) the
energy release rate is essentially equal to Gc at all times. The path a-c-e for G =

G, represented by the dotted line (not necessarily straight) in Figure 6 would be
followed in an actual experiment.

In summary, the relationships between AIL and P, W and G have been
determined in terms of elliptic integrals using nonlinear beam analysij. These
results are summarized in Figures 3, 4 and 5 and Table 1; they will be used to
analyze the experimental results following the next section, which is concerned
with extension of these results to include rate effects at the crack tip.

EFFECT OF LOCAL VISCOELASTIC BEHAVIOR

The above theoretical prediction of energy release rate, G, can be used for
viscoelastic materials if the axial stress-strain relation is essentially elastic and
viscoelastic effects are limited to a small zone around the crack tip. In many
cases, these conditions will be met for thin laminates consisting of a polymeric
matrix and a largc volume fraction of continuous glass, graphite, or boron
fibers oriented in the axial direction. If the matrix is very soft, large inelastic
shear deformations and possibly significant microcracking may occur away
from the crack plane. Assuming these complications do not exist, the material
in the neighborhood of the crack tip must absorb essentially all of the available
energy during slow crack growth, and we may write

G = 2 rb (15)

The quantity i-h is the fracture energy; it is the energy required to produce a
unit of new surface at the crack speed L. This energy may include energy of
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polymer chain failure, energy absorbed in local (near-crack tip) viscoelastic
deformation processes, fiber fracture, and fiber-matrix debonding. In analogy
with the discussion in (12] for monolithic materials, we conclude if the speed
does not change appreciably in the time required for the crack to propagate a
distance equal to the scale of the local deformation and failure processes, Fb
will depend on the instantaneous crack speed but not on the history of loading
and not on the rate of change of L. If the speed dependence of rb is due
primarily to viscoelastic behavior of the intact matrix near the tip, we further
expect it to obey a power law, Ob,' L%, where n is constant [12]. Thus, in view
of Equation (15), the energy release rate will obey the same power law, GPn.

Whether or not the result for the split beam (viz., G = G(L)) can be used
with other geometries, such as growth of a through-crack in a tensile sample
with fibers at 900 to the load, depends at least on the scale of the zone of frac-
ture at the crack tip and the extent of viscoelastic behavior. It is expected that
it will apply as long as viscoelastic and failure processes are highly localized to
the crack tip. With large scale viscoelastic effects, the value of -b may not
change, but one cannot use Equation (15) as it relates rb to an elastic energy
release rate.

The effect of crack speed is illustrated schematically in Figure 6, where dif-
ferent paths are followed for different crack speeds. For the usual case in which
dF/dL>0, the path will move upward, as shown in the figure.

Finally, it is to be noted that if rt, is constant, Equation (15) may be replac-
ed by the equivalent statement G = Gc9 which is the critical energy release rate.
We prefer to not use the symbol G instead of 2rb for materials in which -b
depends on crack speed because the term "critical energy release rate" normal-
ly refers to a quantity that defines the boundary between no-growth and
growth.

EXPERIMENTAL PROCEDURES AND RESULTS

The experimental program to be described in this section had two objec-
tives: (1) to experimentally verify the nonlinear beam analysis; and (2) to ob-
tain the relation between energy release rate and crack growth rate. First,
specimen preparation and testing will be described and typical raw data
presented. Reduction of the data to energy release rate values using the
previously described nonlinear beam analysis is then accomplished, and the
results are presented in tabular and graphical form.

Specimen Preparation

Scotchply, which is an E-glass reinforced type 1003 epoxy, was selected for
this study because it is translucent, which makes the visual measurement of the
moving crack front during testing quite easy. Eight, twelve, and sixteen ply
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30.5 cm x 30.5 cm panels were laid up using prepreg tape containing con-
tinuous fiberglass filaments. Teflon was inserted along one edge of each panel
to provide the initial midplane delamination crack. All lamina had the same
fiber orientation in the laminates. After curing in accordance with the sup-
pliers specifications, the 30.5 cm square laminates were cut parallel to the fiber
direction into 2.54 cm wide unidirectional test strips. The cured lamina
thickness was about 0.021 cm, giving laminate thicknesses of 0.170, 0.259 and
0.338 cm, respectively, for the 8, 12 and 16 ply specimens.

Test Procedure

The specimens were tested in an ambient en-
vironment (approximately 75 'F and 5007o RH) us-
ing an Instron tensile test machine with a one
thousand pound load cell; a twenty pound full
scale range was used. Special grips were designed
to allow the load to be applied a!ong a fixed line of
action while permitting a virtually free rotation of
the loaded ends of the split beam (cf. Figure 7), as __.....

was assumed in the analysis. Load was monitored
as a function of time using a strip chart recorder.
The displacement versus time was calculated from
the crosshead speed. The crack position as a fune- Figure 7. Split laminate
tion of time was noted visually as the crack front specimen showing (a) hinge at-
passed reference marks on the specimens. Typical tuchment used for loading and

experimental results are presented in Table 2 for a (b) deformation in crack

twelve . 'y specimen tested at a crosshead speed of growth test.

2.5 cm/minute. Five each of the eight, twelve and
sixteen ply specimens were tested at a crosshead speed of 2.5 cm/minute. Two
specimens were tested with increasing crosshead speed.

Data Reduction

The measured data included load, P, grip displacement, 2A, and crack
length, L; they can be easily used to give instantaneous energy release rate, 0,
using the analysis described in an earlier section, especially the results in the
last column in Table I. After determining AIL, Lagrangian interpolation was
used to calculate both PI/EI and GB/2P. The results of these interpolations,
along with the subsequent calculation of the energy release rate, G, are sum-
marized in Table 2. The crack gr, th rate was calculated from the measured
values of grip displacement versus crack extension, L, knowing the rate of grip
displacement. From each set of measured values of P, 2A, and L, the fifth col-
umn in Table 2 was used to derive individual values of E; they were averaged
with respect to length for each laminate for later use.
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Table 2. Experimentally Measured Values of Crack Length. L, Load, Po and Grip Displacement
2A. for Twelve-Ply Specimen. Also Tabulated are Various Dimensionles Terms Used in Deter-
mining G and Checking Theory.

L 2t P &/L PL
2  

G8 G

(cm) (cm) (N) rT N N/M
(Theory) (Theory)

8.9 5.6 27.0 .32 1.07 .470 991

10.2 7.2 24.4 .36 1.26 .530 1010

11.4 9.2 22.1 .40 1.47 .588 1020

12.7 11.1 20.6 .44 1.66 .636 1020

14.0 13.1 18.9 .47 1.83 .676 993

15.2 15.1 17.8 .50 2.04 .713 987

16.5 17.6 17.0 .53 2.29 .75) 1010

17.8 19.8 16.3 .56 2.54 .786 1010

19.1 22.4 15.8 .59 2.85 .819 1020

20.3 24.7 14.8 .61 3.10 .843 978

21.6 26.9 14.1 .62 3.22 .853 949

22.9 28.9 12.9 .63 3.34 .862 878

24.1 32.1 13.2 .66 3.81 .899 930

25.4 35.1 13.4 .69 4.46 .921 970

DISCUSSION

Load-Deflection Relationship

Results taken from 8, 12, and 16 ply specimens have been plotted in Figure

3. While PL 2/EI can be predicted by the analysis, as shown by the solid line,

the values may also be determined directly from measured quantities. The ac-

curacy of the analysis is clearly demonstrated by the fact that the experimental

data points for all three thicknesses fall nicely on the curve predicted from the

analysis when a constant, average value of El for each laminate is used.

Another way of demonstrating the accuracy of the analysis is to predict the

crack length L at various times in a test using the measured values of P and 2A

and the average El. The predicted values of L are compared with the ex-

perimental results in Table 3 for a twelve-ply specimen. The agreement is seen

to be excellent, due in large part to the insensitivity of L to the experimentally

determined parameters.
This method of determining the instantaneous crack length should be very
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Table 3. Comparison of Measured Values of Crack Lenglh. L, To Value
Calculated Using Nonlinear Beam Analysis and Measure2 Values of Grip
Displacement. 2Ao and Load. P.

Measured Crack Length (cm) Calculated Crack Length (ca)

8.89 8.91

10.16 10.13

11.43 11.48

12.70 12.70

13.97 13.97

15.24 15.21

16.51 16.54

17.78 17.70

19.0s 19.05

20.32 20.35

21.59 21.56

22.86 22.91

24.13 24.26

25.40 25.S5

useful in tests of opaque materials, such as graphite/epoxy laminates.
However, for high accuracy the value of E1 employed in the prediction of
crack length should be obtained directly from the laminate using one or more
pre-determined lengths and theory (i.e. second and third columns of Table I).
This is necessitated by the fact that predicted values of El differ somewhat
from the measurements, possibly due to nonuniformity in the fiber distribu-
tion. Further, the photomicrographs of the twelve ply laminate in Figure 8
show that the local distribution is quite heterogeneous. In many cases the
fibers appear to be in contact, which could be a significant factor in producing
the scatter in the delamination fracture energy discussed next.

Energy Release Rate-Crack Speed Relationship

The energy release rate is plotted against crack speed in Figure 9. The data
can be approximated by a power law G - L' I Schapery (12] has predicted that
crack growth rates in viscoelastic material m.j be described by an equation of
the form i. - K9 where q = 2(1 + I /m) if the intrinsic fracture energy and
strength at the crack tip are independent of crack speed and the creep com-
pliance, D, obeys the power law D "M gm For many glassy polymers, including
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the epoxy resin in Sco.hply, the creep compliance
is of the form D =D 0 + Dan" 1131. The value of
D increases with increased molecular mobility,
such as may result from the increase in volume due
to the high triaxial stresses near a crack tip. If D, is
sufficiently large then m " n. Inasmuch as K,
G" (cf. Equation (16)) and G ,- V , we obtain q
= 20 and n = 0. 1 if m = n. In order to check this
value for n, creep/recovery tests were run on

unidirectional tensile specimens of Scotchply with
a 900 fiber angle to determine the time dependence

of the matrix. An exponent of n c 0.05 - 0.10
was determined for these tests, which is consistent
with the fracture results for delamination fracture

Figureo. Photomicrographs of toughness. However, the data are so limited that
Scotchply showing d :rihution one should consider the relationship q 2(l +
of glass fibers in epoxy matrx: I/n) as very tentative.
(I) 12 plies, 500x; (h) 12 pies, Fracture toughness of unidirectional Scotchply

l00x. has been measured by Wu [141 using a center-
notched specimen with 900 fibers. Averaging out rate effects in order to obtain
a single critical stress intensity factor, he obtained for Kic a value of 1.9
MPaJm. These results may be compared to our results if G values are express-
ed in terms of K, using the relationship

A
K, = (EG) (16)

where E is the effective modulus and can be shown to be approximately equal
to one half the transverse modulus E,2 for an orthotropic material 115). Utiliz-
ing the manufacturer's predicted value for E,, of 9.7 x JIMPO and our
observed range of G alues of 525 - ;JO0 N/rn gives a predicted range of
values for Ktof 1.6 - 2.2 MPa rm which brackets Wu's result for Klc, These
values may also be compared with values measured for metals and various
plastics, as summarized in Table 4.

Several simplifying assumptions were made implicitly in the analysis that
appear to be justified by the good agreement between the measurements and
predictions from the nonlinear beam analysis, as seen in Figure 3. These
assumptions-.nclutde plane stress and "rigid wall" behavior at the beam end
point, which in our specimen is the crack front. The actual behavior in this
crack tip region may only be described by a more complex three dimensional
analysis tsing finite elements; however, the departure from these idealizations
appears to have a negligible effect on the overall load-deformation relation (cf.
Figure 3), and consequently a small effect on strain energy stored, in that it
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Figure 9. Ene''y release rate versus crack speed for three different thicknesses of Scotchply.

rable 4. Typical Fracture Toughnevv Parameters (K,( and Gd "

Raterial KIC Gc

mPa& KRIM

Ti-W~-4V 11 121

7075-T6s1 24 8

4340 60 - 99 18 - 49

2024 T3 44 27

T!erlklast~c .itertals jjl Ij_1_

Polymethyl Methacrylate 1,6 - 1.9 1.1

Polytyrene 0.98 - 1.1 0.35

Polyvinyl Chloride 1.6 2.3 1.2

Nylon - 6. 6 0.51 0.83 0.25

Polyethylene 0.83 - 1.2 5.0
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may effectively be neglected. Significant breakage of glass fibers awsay fro
the crack plane could also have introduced an error into the bending rigidit
and energy release rate. Sample calculations indicate that the axial stress in t
beam never approached the failure value; furthermore, almost no fiber fr
lure was noted in the tests other than along the crack plane. Finally, as a resu
of transverse strains (normal to the loading direction), the beam has a co
pound curvature which would tend to stiffen the beam and depend or bea
length. Again, in view of the agreement in Figure 3, this effect was apf arentl
negligible for the specimens used.

CONCLUSIONS

A simple approach to the determination of delamination fracture toughnesI
in the opening mode has been developed using a split beam and a nonlinear
analysis. The analysis has been confirmed with experimental measurements on
Scotchply using specimens of three thicknesses, tested over a wide range of
crack growth rates. The measured range of energy release rates of 525- 000
N/m for the range of crack growth rates studied is shown to be consistent with
predictions from an idealized viscoelastic crack growth theory and viscoelastic
behavior of the resin as determined from creep/recovery tests.

ACKNOWLEDGEMENT

This research was sponsored by the Air Force Office of Scientific Research
under contract No. F49620-78-C-0034 with Texas A&M University.

The authors are indebted to Professnr K.L. Jerina for his valuable guidance
in the experimental phase of the study and to Mr. R.C. Hulsey for his very able
assistance in conducting tests during the latter stages of the work and for mak-
ing the photomicrographs in Figure 8. This paper is based, in part, on the M.S.
Thesis of the first author submitted to Texas A&M University.

Important related work on interlaminar fracture was brought to the
authors' attention by W.D. Bascom after completing this paper; see Letters.
Composites, July 1980, pp. 13 1-132 for reference to several studies. Apparent-
ly, the nonlinear beam theory and characterization of delamination speed
energy release rate behavior have not been previously addressed.

REFERENCES
I Kausch, II.H.. Polymer Fracture. Springer-Verlag. Berlili. 1978, p . 256

2. Hertzberg, R.W., Deformation and Fracture Mechanics of Enginerrinm Moaterial. Wiley.

Nes York. 1976. p. 285.
3. Kulkarni, S V., Pipes. R.B., Ramkumar R.L.. Scott, W+R., "The Antal~tcal. Experimen-

tal, and Nondestructive Evaluation of the Criticality of an Interiaminar tf)eect in a Com-
posiie Laminate", Proceedings of the 1978 International Conference on Comptile

Materials. Toronto, 1978, pp. 1057-1071.
4. Reilfsnider, K.I.. "Mechanics of Failure of Composite Materials." In Fracture M"chaftcs.

Proc. 10th Symposium on Naval Structural Mechanics. Unit, Press of Virginia 19711. pp.
317-331

284



Method for Determining (he Mode / Delanrnaton Fracture Toughness

5. Grimes.G(.C., and Adams, D.F , Itvestigation of Compression Fatigue Properties of Ad-
vanced Composites". Northrop Technical Report, NOR 79.17, Dept. of the Navy, NASC
Contracts N0019-77-C-fl518 and N00019-77.C-0519 with Northrop and the University of
WVyoming, October 1979.

6. Wilkins, Dick. Genera) Dynamscs. Fort Worth, Texas, private communication.
7. Wang. S.S. and Mandell. I F , "'Analysis of Delamination in Unidirectional and

Crussplied Fiber-Composiies, Containing Surface Cracks", NASA Technical Report
NASA-CR-135248, May 1977.

A. Wang, S.S., 'Delamination Crack Growth in Unidirectional Fiber- Reinforced Composites
Under Static and Cyclic Loading", ASTM Symposium on Composite Materials-Testing
and Design. March 20. 1978. Newv Orleans. Louisiana.

9. H~ertzberg. R.W., Derformation and Fraciure Mechmnes of Engineering Materials. Wiley,
New York. 1976. p. 260.

10. Bisshopp, ICE., and Drucker. D.C.. "Large Deflection of Cantilever Beams," Quarterly
of Applied Math, Vo 1ll. 1945, p. 272.

Il. Selby. Samuel M. (Editor in Chief), Standard Mathvemtnical Tables, 19th Edition, The
Chemical Rubber Co., Cleveland. Ohio. July 1971.

12. Schapery, R.A. "A Theory of Crack Initiation and Growth in Viscoelastic Media. III
Analysis of Continuous Growth," Int. I. Ii'acture, Vol. 11, 1975, p. 549.

13. Schapery, R.A.. "Viscoelastic Behavior and Analysis of Composite Materials", in Corn-
posite Materials, Vol. 2, 6 P. Scrndeckyj I'd.. Academic Press, 1974, 1) 85.

14. Wu, FAI., "Fracture MeChAn1ic~ of Attsotropic Plates", Progress in Materials Science,
Vol. 1, 1968. Technomics, Statiford. Connecticut, p. 20.

15. Brockway, G.S , and Schapety, R A , "Somei Viscoelasiw Crack Growth Relatiotns for Or-
thotropic and Prestrained Medlia", Eng'g Fracture Mechanics, Vol. 10, 1978. P. 453. -

285



NONLINEAR FRACTURE ANALYSIS OF VISCOELASTIC COMPOSITE

MATERIALS BASED ON A GENERALIZED J INTEGRAL THEORY
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College Station, TX 77843

ABSTRACT

Pertinent results from a generalized J integral theory for nonlinear visco-
elastic media are first reviewed, and then some special cases for power-law ma-
terials are given to illustrate their application in crack growth and failure
analysis. This theory was recently developed by the author; it is a generaliza-
tion of the familiar J integral theory which is customarily restricted to non-
linear elastic and viscous materials and to material obeying the classical de-
formation theory of plasticity. Some experimental results from cyclic and tran-
sient loading of fibrous and particulate composites are then given and, together
with the theory, are used in a tentative interpretation of the viscoelastic
fracture process.

NOMENCLATURE

a notch or crack size

a crack speed

aT, aTM time-scale shift factor for temperature and moisture effects

C1- C5  unspecified constants

D creep compliance for uniaxial loading

e superscript denoting pseudo-elastic variables

ER reference modulus

i, j indices corresponding to coordinate directions (1,2,3)
J, J'' Jv J integrals for elastic, viscous, and viscoelastic media, respec-

tively

K% stress intensity factor for opening mode

k exponent relating crack speed and Jv

ni vector normal to J integral path

n, N exponents defining time-dependence and nonlinearity, respectively

P potential energy of body and applied loads
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PT designates location of mathematical crack tip

q exponent relating crack speed and applied stress

Ti  surface tractions

ui  displacements

W, W' energy density

x i  Cartesian coordinates

a length of failure zone

r, path used to evaluate J integral

r intrinsic fracture energy

C ij strains and strain rates, respectively

oij stresses

am  magnitude of normal stress at crack tip

0 constant (yield stress if N-l)

T time variable of integration

0 pseudo strain energy density

*c pseudo complementary energy density

INTRODUCTION

Time-dependent deformation behavior of the matrix constituent in many com-

posites is often very pronounced, especially in elevated temperature environ-
ments; exposure of polymer-matrix composites to high relative humidity leads to
similar behavior and aggravates the effect of temperature if sufficient time is
provided for absorption of the water vapor. This time-dependence, or visco-
elasticity, is an important factor in determining the rate of growth of micro-
and macrocracks (including delamination cracks). Complicating the composite
response characteristics is nonlinearity on the macroscale (although often due
in part to matrix microcracking) and on the microscales of the reinforcing fibers
or particles and the crack tip structure. Development of realistic theoretical
models f damage growth and failure therefore requires in many cases that one
account 2or both time-dependence and nonlinearity in the deformation behavior.
In spite of the complexity of the problem, it is believed possible to develop
at this time practical models which will be useful in aiding our understanding
of structural response of composites so that improved materials, structural de-

sign methods, and reliability can be realized.
In this paper we briefly describe and then apply a new fracture theory (1),

based on the so-called J integral (2), for analyzing micro- and macrocracking in
nonlinear viscoelastic composites.

Following (2), the J integral is defined for two-dimensional problems by3
ui

j ' (Wd.2-T i 
d

.
)  (i)

where, as shown in Fig.l, r' is a curve surrounding the notch tip, and repeated
indices imply summation over their range. The quantity W-W(c ij) is defined such
that

a 3aw/acj (2)

where a and c are the stress and strain tensors, respectively. Thus, W is
the str~in ener4 density or an analogous potential function in the deformatLion
plasticity theory. Also, T is the traction vector, in which T =o- n . The dis-
placement vector is denoted by u . A very useful feature of a Is a its value



is independent of path r', if W does not depend on the coordinate xI (cf. Fig.l)
other than through the dependence of E on x1 ; the material may be anisotropic

and have properties that vary with x A second important characteristic, espe-
cially for experimental characterizaiion of fracture, is that if the notch tip is
advanced an amount da without change in tip structure,

J - -aP/;a, (3)

which is the rate of decrease of potential energy (of the body and applied loads)
with respect to notch length per unit thickness normal to the page.

X2 ~ FAILURE ZONE n n , , O

XIX

Fig.l Crack or notch in elastic material, with tip at P,; highly damaged material
is shaded.

Over ten years ago, Rice (2) developed and applied the J integral for two-
dimensional deformation fields (plane strain, generalized plane stress, and
antiplane strain) in nonlinear elastic media with notches or cracks. This
work, which was theoretically limited to small strains, lead the way to major
developments during the post decade in the engineering characterization and
analysis of fracture initiation in metals with both small scale and large
scale plastic deformations (e.g., 3, 4). (Although the J integral was seeming-
ly developed for elastic materials, the constitutive equation for the deforma-
tion theory of plasticity without unloading is anlogous to that for elastic
materials in the sense that it may be written as in Eq.(2); consequently, ap-
plication to fracture initiation in ductile metals has been successful.)

The J integral can be interpreted as a conservation law for mechanical
,energy. As such, one would expect to be able to deduce a three-dimensional
generalization with large strains if suitable measures of stress and strain
are used. Indeed, such a version does exist; as noted by Knowles and Stern-
berg (5), in their study of finite elastic deformations near a crack tip,
this conservation law is implicit in an early result due to Eshelby (6) in
the theory of continuous dislocations. The J integral with large plastic
deformations was used by McMeeking (7) in a study of phenomena at crack
tips, including void growth. Rice (8) has reviewed applications to stable
crack growth in rate-independent media.

An integral, say J',with properties analogous to those for J may be
defined for nonlinear viscous media when the constitutive equation can be
expressed in the form

= (4)

where W'=W'(ii ) and . is strain rate. The same definition as in Eq.(l) is
used for ', elcept st~in rates and velocities replace strains and displace-
ments. Landes and Begley (9) showed that crack speed A in two different
specimen geometries of superalloy at high temperature may be correlated in
terms of J'; viz., i-A(J'). Sakata and Finnie (10) and Ohji. et al. (11)
independently studied stress intensity factor K and ', respectively, as
fracture parameters for nonlinear viscous materials. Many papers have now
appeared which provide strong experimental support for the hypothesis that



=(J') for creeping metals at high temperatures under constant and variable
loading, and the reader is referred to (12-14) for recent work and citations of
other studies.

In order to provide a rigorous theoretical argument that J' is the appropri-
ate basic parameter for correlating fracture data, and to relate observed behavior
to basic material properties, it is believed necessary to investigate crack-tip
behavior under locally finite stresses in which a finite scale for damage and
material separation exists (e.g., the length a in Fig.l.). To the author's know-
ledge, previous theoretical studies involving nonlinear viscous or viscoelastic
behavior outside of the failure zone have introduced strain rates which are
infinite at the crack tip for mathematically sharp cracks. The basic shortcoming
of such singular fields can be illustrated by analysis of linear viscoelastic
media, as reviewed by Rice (8). For example, starting with a solution for finite
stresses, Schapery (15) proved that if the magnitude of the crack-tip stress is
mathematically increased without limit, the scale a vanishes and crack growth be-
comes independent of the linear viscoelastic properties; only the initial value-
of compliance or modulus remains. Associated infinite strain rates produce the
physically unacceptable prediction. Numerous publications on the analysis of
crack growth in linear viscoelastic media, based on a finite crack-tip stress,
now exist (e.g., see (8) and (15-20)).

Very recently, Schapery (1) extended the J integral concept to nonlinear
viscoelastic media for both initiation and growth of cracks. This work is based

on finite crack tip stresses, so that one may derive basic failure behavior re-
lated to the physical characteristics which define the zone of intensive damage
at the crack tip. This region is called the "failure zone" (whose length is a
in Fig.l) rather than damage zone; the theory in (1) allows for certain kinds of
damage in the nonlinear material surrounding the crack tip, such as the type of
stable microcracking and void growth that develops in many composites if the
stress level is not too high. For propagating cracks, a layer of the highly
damaged material that was once in the failure zone will be left on the crack
faces. It was assumed in (1) that this layer is thin enough to be neglected
in predicting stresses and strains in the neighborhood of the crack tip; thus,
a is the )nly scale paraeter that reflects the local failure process for pro-
pagating cracks (as well as that for cracks which just start to grow, corre-
sponding to the fracture initiation condition).

In the present paper we first give the constitutive equation used in
developing the generalized _! integral theory. Discussed next is the relation
of crack speed to the generalized J ir-egral, designated by J for a visco-
elastic material. An eKplIcIt relation between crack speed and applied stress
is then stated for a single crack in a power law material; both time-dependence
and stress-dependent nonlinearity are assumed to obey power laws. The two
independent exponents combine to yield one exponent defining the crack speed
as a power law in stress; for fatigue loading of monolithic materials and
certain types of composites, the same exponent relates number of cycles to
failure and applied stress. When used with theory, the values of experimen-

tally determined exponents are very helpful in identifying primary physical
mechanisms affecting crack growth and failure. This point is illustrated by
using data on fatigue failure of graphite fiber-reinforced epoxy laminates
and macrocrack propagation in composite solid propellant (which is rubber
with a high volume fraction of hard particles).

NONLINEAR CONSTITUTIVE EQUATION

The relation between stress and strain tensors is assumed in the form

re
S-(t t)- d (5)

ij ' R f ?T
0-

where the c are termed pseudo-strains, and are functions of stresses (as well
as remperature and moisture, depending on the particular material) through a
potential function c -c (oj),

c c

e c (6)

IJ IOU



If Eq.(6) can be inverted to yil as a function of E then Eq.(6) implies .

that a potential function D-P( ) ex Sts with the proper ; that

- (7)

ij

where

Viscoelastic behavior is defined by the creep compliance, D. It may be observed

that the notation D(t,t) is often used instead of D(t-T,t); but the notation
is equivalent and allows for aging.-Thermorheologically simple behavior, a form
of temperature dependence commonly obeyed by polymers, is a special case of this
representation for creep compliance, with constant or transient temperature. The
modulus ER is a free parameter which makes Eq.(5) dimensionally correct as c has
the dimensions, of modulus; ER may be selected as desired to simplify, the notation
in fracture results. That Eq.(5) is a good approximation for many nonlinear via-
coelastic materials is discussed in (1); also, it is shown in (L) that 0 may de-
pend on certain important types of damage, such as distributed microcracks.
If we assume D(t-r,t) is proportional to t-r, Eq.(5) reduces the constitutive
equation for a linear o'- nonlinear viscous material.

COPLANAR CRACK GROWTH IN POWER-LAW MATERIALS

B amens-of.an.elastic-viscoelastic correspondence principle established in

(15 and approximations similar to those used in (16, Part I) for linear theory, it
is found that if a is smal-1comparEd toother relevant dimensions such-as-crack length,-

2r = E RD(a/3',t)Jv  (9)

where r, the intrinsic fracture energy, is the mechanical work that the continuum
does on the failure zone when one unit of new surface is formed. The generalized
integral, J , is defined as in Eq.(l), but 0 replaces W and pseudo-displacements,
u' (corresponding to pseudo strains, Eq.(6)) replace u . In deriving Eq.(9), it

iuin g me n/l, wihis ta
is assumed crack speed is essentially constant during time which that
required for crack growth of an amount a. The time t in the argument of D re-
flects, for example, aging and transient temperature and/or moisture content; but
such effects are assumed constant in the time interval a/i. For simplicity,
these transient effects will be neglected in all subsequent discussion.

Let us now introduce a power law for creep compliance,

D(t-T) - D1 (t-T)n (10)

where D and n are positive constants. Also, assume 0 is a homogeneous func-
tion of degree N+l in pseudo strain,

O(cre - Nc l e(01J

where c and N are constants. The material defined by $ may be anisotropic and
physically nonhomogeneous.

In order to illustrate the significance of the exponent in Eq.(ll), consider
a uniformly dtressed specimen under a time-dependent uniaxial stress o (or, more
generally, under multiaxial proportional loading). We find the strain in the di-
rection of loading to be

t d(O/o )l/N

E-ERDIJ (t- T)n da d0 (12)

where o is a constant. If N is small, o can be interpreted as a yield stress.0 '
In a creep test o is constant and Eq.(12) reduces to

E ER D1tn(,/o)1/N (13)



Let us introduce temperature T and moisture M effects in standard notation for
polyrers by writing

FRD 1 " a-n (14)1TM'

where a_ -aTM(T,M) is the time-scale shift factor. Thus, the creep strain is,

C (tla T)n(o/ao) /N (15)

The requirement of a finite crack tip stress, whose magnitude at the point
P~in Fig.1 is denoted by am, leads to the relation (1),

I/Uj

a - C ) (16)

where C is a dimensionless constant.
In general a and r may depend on crack speed. If, however, they are con-

stant, Eqs.(9), (T0), (14), and (16) yield simply

a - Ck (17)
a v

where C and k are positive constants, with

1
k 1 4(18)*n

-1randitfnstead ofo'-)-are cnetant,

k - 1 (19)n

Finally, if a and crack opening displacement Av1 (at the left end of the failure
zone in Fig.l) are constant (1),

k - 1 (20)n(1 + N)( 0

The constant C is different for each of these cases. It should be added that if
the spacewise distribution of the stress in the failure zone varies greatly with
speed, the change will be reflected as speed dependence of C; but this effect
will be neglected here. Also, the assumption of constant a and v 1 results in
Eq.(18), and therefore does not represent another independent case.

For bodies on which surface tractions are specified, instead of displace-
ments, J as a function of these tractions is the same as for an elastic material.
For an isolated crack in a macroscopically homogeneous, nonlinear power law body
under proportional loading (1), (assuming <<a),

1+ (l/9)
Jv- aC2  (-) , a > 0 (21),

0

where C2 isa dimensionless constant and o-o(t) is the remote stress in a given
direction; N is for the far-field, which may differ fromN for the near-tip material.

Equations (17) and (21) yield

k
j 3aTC- (2_)q  (22)

where C3 is another constant and

q H k(l+9)/N (23)

When the geometry of a body is that in Fig. 2, which is a sheet (or thick
slab) that is loaded vertically through rigid clamps, the form of J is the same
as in Eq. (21), except h replaces a. Assuming a<<a<h/2, the coefficient C2 is
essentially constant, where a is equal to the stress 0 in the uniformly stressed
portion of the strip; as a good approximation, at lea"if , a may be taken as



the total vertical load P, divided by the uncracked area (1). Thus, .

k
(2 c4 h (2-)q (24)

Given o(t) or P,(t), Eqs.(22) and (24) may be integrated to predict crack
size. If the stress is applied for a long enough period, a failure time tf is
found. Suppose k>l in Eq.(22); then a-'- when

tf(°q/aTM)dr - C5  - (25)

where C5 is a constant proportional to a -k;a is initial crack size. The same
type of result is derived from Eq. (24) but,C 'h-k ais to be replaced by P, and
failure occurs when 2a-L. It should be added that Eqs.(21)-(25) are not restrict-
ed to plane stress or plane strain problems. The axisymmetric problem of a pen-
ney-shaped crack is also included, in which 2a and L are crack and sample
diameters, respectively.

When the applied load is constant (creep test) and the physical environment
is constant (constant value of aM), Eq.(25) yields t ̂ o

-
q
.  

Similarly, for a
cyclic tensile fatigue test, N f ; where is number of cycles to fail-ure and a is stress amplitude; it is assumed for simplicity here that the wave
shape and amplitude do not change with time. Thus, at least for the two idealized
problems- c nsidered-above$ there is a simple relationship betweenthetag.-g----
51, esqIfxDwcrackspeed, crreep-rupture, or fatigue data and the basic material
exponents, as given by Eq.(23).

-Ve-have compared the val-e-bf the exponent q-f6und-from -ra-Tith-&d--
failure data in tests conducted on different polymeric materials. It is often
found that the value corresponding to k in Eq.(18) agrees with the data. Some
examples are discusseL in the next section. In contrast, for metals undergoing
-viscous creep (n-1), Eq.(20) appears to provide the beet agreement (1); typically
for metals N<, and thus there is little difference between Eqs.(19) and (20).

M-AMPLES AND CONCLUDING OBSERVATIONS

The generalized J theory may be employed in different ways to characterize
and predict failure behavior of materials (1). Also, as noted above, it provides
a direct relation between fracture response and basic creep characteristics; only
this aspect will be examined here.

Crack speed and overall specimen fracture was studied in (16, Part III) in
which the linear theory was applied to a polyurethene rubber. For the material
used, n-0.5, N-1, and Eqs.(18) and (23) predict q-6; this value of q is in ex-
cellent agreement with the data, providing good evidence that r and o are con-stant. The theory in (16) did ot account for the local nonlmnearity, as defined
by N; as shown here, even though this exponent may not be unity, it has no effect
on q (unless, of course, Eq.(20) were to apply).

Application of the theory to composite materials is not necessarily straight-
fo-ward and, in fact, considerable additional analysis may be required to relate
overall loads and deformations to J for microscale phenomena governed by Eq. (9)
and more specifically by Eq.(17). his complexity is due in part to the fact that
the creep compliance D in Eq.(5) for the neighborhood of crack tips may be dif-
ferentfor the macroscale of a composite material. On the other hand, if the
matrix constituent of a composite is homogeneous and obeys Eq.(5), and the rein-
forcement phase is essentially rigid, the creep compliance will be the same re-
gardless of the scale of the deformation process. Stress and environment-induced
phase changes (e.g., glass-to-rubber transition at crack tips) Introduces
additional complexity. Temporarily setting aside such concerns, let us consider
the data in Figs.3 and 4. For the fatigue loading case, Fig.3, and using either a
dominant flaw model, Eq.(25), or a matrix degradation model with uniformly distri-
buted microflaws (23) (each of which obeys Eq.(25)) we anticipate that q-2(l+I/n);
it is assumed that any global nonlinearity is due to microcracking, end therefore
N-I. Inasmuch as the zero-time (glassy) compliance is neglected in this compari-
son, and the value of q is based on k in Eq.(18), we suggest that the cracking
process is controlled by polym.er matrix above the glass transition temperature; the
-very high. stresses in the matrix around microcracks. are thus.assumed to lower the._



glas s transition temperature below the local temperature (which may be elevated due-
to heat generation)!1). For a fiber-dominated laminate the value of q is larger
than in Fig.3 (21, Phase III). As indicated in Fig.4, q-2(1+l/n) for the solid
propellant if the data are normalized to constant strain level through the func-
tion f; data actually obtained in constant strain tests obey q-2(l+l/n) (22). It
is believed the interaction of far-field microcracking with the macrocrack causes
this strain-dependence (1).

Clearly, there are many factors that have to be accounted for in the devel-
opment of nodels for micro- and macro-cracking of composites. But, it is believed
that the fracture theory in this paper will prove useful in a systematic mechanics
approach in view of the present encouraging results and the broader theoretical
basis developed in (1).
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Fig.2 A cracked strip or slab. Also, an elementary model for microcracking in
the soft matrix phase of a composite.
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Vig.3 The S-N curve of (+45/902] s tensile fatigue coupons of graphite/
epoxy (AS/3501-6); creep exponent from (21. Phase II). Specimen mois-
ture and temperature levels are in equilibrium with indicated environ-
ments. Frequency - 3 HZ, stress ratio - 0.1. After (21, Phase 111).
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2.0 theory and exper! q-2(1+l/n)-1O.3

Symbol Sample No. x Head Rote

I0.0
a0.02

C-Simultaneous cooling 0 6 005
& straining 0 7 0.05

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
LOG 6 %

Fig.4 Crack propagation in strip-biaxial specimens of an HTPB propellant (c is
in percent and cross-head rate is constant and given In inches/min).
After (22).
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